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Linear Ordinary Differential Equations

a:(x) yM(x)+ - +ar(x) y'(x) + ag(x) y(x) =0

Complex time Arbitrary precision Singular points Error bounds

Operator notation: L(y) =0 where L = a,(x) D"+ --- + ai(x) D + ag(x)
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|te rated | ntegra |S [Ablinger, Bliimlein, Raab, Schneider, 2014]

/X5dX5/ / / dX2 / dX1 .
XSX4,/X4———- X4X3,/X3——— T=x2 iy l=x1

(with suitable branch choices)

sage: from ore_algebra.examples.iint import diffop, h, w, f
sage: dop = diffop([h[0], w[8], w[8], f[1], f[1]])

sage: ini = [0, 0, O, 1/3, -2/3-i*pi/3, 11/12+2*i*pi/3-pin2/6]
sage: iint_value(dop, myini, 1e-500)

[0.9708046956249312405 ... 59027603834204946 +/- 9.05e-501]



lterated Integrals [Ablinger, Bliimlein, Raab, Schneider, 2014]

I(x)=

sage:
sage:
sage:
sage:

/X5dX5/ / / dX2 / dX1 .
x X5 X4 /X4—— X4 X3 /XS__ 1—X2 1—X1

(with suitable branch choices)

(4% —13x8+15x7 — 7x5 +x5)
(54x% —140x" 4+ 120 x® — 36 x> + 2 x%)
(202x7 — 397 x5 4 228 x5 — 34 x* 4+ x3) IV (x

100)(x
+ 1)
+ 1)
+ (222x5—303x5+90x* +3x3 — 3x2) 1) (x
+ 1(
+ I

(x)
(x)
M (x)
3 )
(48x% —37Tx*+x3—6x2+6x)1"(x

(—x?+6x—6)I'(x) =0

from ore_algebra.examples.iint import diffop, h, w, f
dop = diffop([h[0], w[8], w[8], f[1], f[1]])

[0, ©, 0, 1/3, -2/3-i*pi/3, 11/12+2*i*pi/3-piN2/6]

iint_value(dop, myini, 1e-500)

[0.9708046956249312405 ... 59027603834204946 +/- 9.05e-501]
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[0, ©, 0, 1/3, -2/3-i*pi/3, 11/12+2*i*pi/3-piN2/6]
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Pélya walks

Generating series of walks on Z% (d > 3):

G i ‘ ( first return after n steps

!
W(x) = 1+ F(x) w(x)
i

walks 0 O, 0

Return probability:

1 .1
f( /Qd)_l W(l/Zd)

Differential equation (via diagonals):

L(w)=0

d=3 22(4z22-1)(3622—1) D3+ (12962° — 24023 + 3z) D2 + (25922* — 28822+ 1) D+ 864 2% — 48z
d=4 (102427 — 802> + z3)D* + (14336 26 — 800 z* + 6 z2) D3 + (55296 z° — 2048 23 + 7 z) D?
+(614402z* — 134422 + 1)D 4 12288 2% — 128 2



((269276305858560000 23 — 80950584950784000 228 4+ 3629735201193984 226 — 57080630763520 224 + 409981265408 222 — 1499829760 220 +
2871232218 — 2720210 4 z14) D15 4 (60587168818176000000 z2° — 16999622839664640000 227 4 707798364232826880 227 —
10274513537433600 22° + 67646908792320 221 — 224974464000 z'° + 387616320 z'7 — 326400 z1° + 105 z'3) D14 +
(5937542544181248000000 225 — 1551046657578762240000 z2° 4 59789931630571929600 224 — 798278106947641344 222 +
4796169345443840 z2° — 14416495588352 218 + 22181540160 216 — 16423904 214 + 4550 z12) D 13 4 (334481563322210304000000 227 —
81131900756901396480000 227 4 2886264219850496409600 223 — 35303727569401454592 221 4 192591205900620800 z1° —
519787439069184 z!7 4+ 707833651200 215 — 454991264 213 4 106470 z'1) D12+ (12041336279599570944000000 226 —
2704250458682470563840000 224 + 88474218684064461619200 222 — 987113006841956179968 220 + 4862067116732345856 218 —
11694546001056256 26+ 13948983786816 z'4 — 7666274304 2124 1479478 z1°) D 11 4 (291400337966309616844800000 225 —
60403894924097334804480000 z2° + 1810516178566181073715200 22! — 18336647935059261603840 z1° 4+ 81033820655292578304 217 —
172214449187123200 215 4 177735512066112 213 — 81994323840 z'1 + 12662650 z°) D10+ (4856672299438493614080000000 224 —
926086890189285634867200000 222+ 25324208695139969934950400 z2° — 231569354145921664204800 218 +911597715337047246336 216 —
1694812596013786624 z'4 + 1491624282894720 212 — 564676102848 210+ 67128490 z%) D° + (56198636607788283248640000000 z2° —
9821600336936930947891200000 22! + 243895079188460801654784000 z1° — 2001474041629081060638720 z'7 +
6961148053301631762432 215 — 11190413197947013632 213 4 8252818589658240 211 — 2491958589120 z° + 216627840 27) D® +
(449589092862306265989120000000 222 — 71725429608240620136038400000 z2° 4 1609161818725523357171712000 28 —
11770087561727055499100160 z1° 4 35825937728946311725056 214 — 49112927471281826304 212 4 29704887544668864 210 — 689824676\
611225+408741333 z8) D7 + (2447762838917000781496320000000 22! — 354907365563571111670579200000 212 +
7152475405487676025208832000 z17 — 46268511513163153122263040 215 + 121891943669163953209344 213 —

140140992502944986112 21 + 67667087104034880 2° — 11517430544256 27 + 420693273 2%) D® 4 8811946220101202813386752000000 220 —
1155571219953730314672537600000 218 +20785112953613635862082355200 z'° — 117852071549595952781721600 214 +
265216641208694799482880 212 — 250559836896574725120 210 4+ 93303962552021952 z® — 10897207743264 2° 4+ 210766920 z*) D7 +
(20027150500230006394060800000000 219 — 2362573936582134301458432000000 z'7 4+ 37651520030507075820847104000 215 —
185180175371863397892096000 12 + 350420651229762451537920 211 — 265169341550020423680 z° + 72752913986864640 27 —
5304232959840 z° 4+ 42355950 z%) D* 4 (26702867333640008525414400000000 z'® — 2816819552897219199762432000000 216 +
39443088818742150876364800000 z1* — 166217350344029675008819200 z'2 4 259441279222310968688640 20 —
152179348773380567040 z® + 28891552538695680 z° — 1138125841504 z* + 2375101 z2) D3 4 (18486600461750775132979200000000 217 —
1732080379790685408067584000000 215 +21106053778472440493506560000 z'* — 75098351566004361206169600 z1* +
94387689349096767160320 z° — 41091696296267489280 27 4 4930837635294720 2° — 82548913344 23 + 16383 z) D2 +
(5281885846214507180851200000000 26 — 436217453243899431616512000000 z'4 4 4573788149507776189562880000 212 —
13497729262079414265446400 z1° 4 13245706827488316948480 z8 — 4031063063164477440 z° 4 265858264373760 z*+ — 1204325184 22 +
1) D 4 352125723080967145390080000000 z'% — 25412342171473281024000000000 z'® + 226231973017884794290176000 z'1 —
541574695562332078080000 z° 4 398335457415580876800 27 — 77667722566041600 27 4 2222757642240 z° — 983040 z)

data courtesy of Bruno Salvy

sage: from ore_algebra.examples import polya
sage: 1 - 1/polya.dop[15].numerical_solution([0]*14+[1], [0, 1/(2*15)], 1le-50).real()
[0.0358696231253565142294042708 +/- 2.07e-29]



Com pa Cted Bl nary Trees [Genitrini, Gittenberger, Kauers, Wallner 2020]

Theorem 8.6 (Differential operators). Let (Mjy)r>o be the family of differential operators
given by
Al AR e 8
Ny =120 P2 (3 =)D,
Mk:Mk,l-D—Mk,g-(D2-z—zD), k> 2.

Then the exponential generating function Cy(z) of compacted binary trees with right height at
most k satisfies

My - Cy = 0.

sage: from ore_algebra.examples import cbt

sage: cbt.dop[5]

(-4*zN3 + 10*zA2 - 6*z + 1)*DzN6 + (9*zA3 - 58*zA2 + 75*z - 21)*DzA5

+ (-6*zA3 + 78*zA2 - 184*z + 95)*DzA4 + (zA3 - 33*zA2 + 141*z - 110)*DzA3
+ (38*zA2 - 32*z + 40)*DzA2 + (z - 3)*Dz
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Asymptotics

Theorem 3.4 (Asymptotics of compacted trees with bounded right height). The number
Ck,n Of compacted trees with right height at most k is for n — oo asymptotically equivalent to

Chp ~ KpT! (4 cos <k:r_

where ki, € R is independent of n.

[Genitrini, Gittenberger, Kauers, Wallner 2020]

Asymptotic expansion + rigorous enclosure of kj + error bound — all automatic:

sage: ini = list(cbt.egf[:6]); ini

[1, 1, 3/2, 5/2, 37/8, 373/40]

sage: bound_coefficients(cbt.dop[5], ini, 'n', 1, 30, nG=100)
1.00000000*3.414213562373095?/An*(

([1.624857 +/- 1.35e-7] + [+/- 1.01e-7]*1)*nA(-2.7714466094067277)
+ B([62.8523859 +/- 3.82e-8]*nA(-3.771446609406727?), n >= 100))

[Dong, Melczer, M., 2024]



Irrationality of ¢(3)

La suite u, s'écrit (1,5,73,1445,33001,...)

! o 351 62531
La suite v, s'écrit (0,6, 5 A T )

Les deux suites vérifient la relation de récurrence

(n+1)3u —(34n3+51n2+2?n+5)u +rl3u
n+l n n

+

A= 17+12/2
[Apéry 1979]

=il

0

11
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Irrationality of ¢(3)

La suite u, s'écrit (1,5,73,1445,33001,...)

La suite v_ s'éerit (0,6, éi_], 6_2;(z{t Princeton). For example, one’s intuition is just wrong in
il 'feeling incredulity at the facts of @ . All that these report

. £ 27 4 is that the differential equation
Les deux sultes vérifient la relation [

3 35102 il(X‘“—34.!r-"+)r2) i
(n+1) B (34n7+51n"+ gy | dx?3
3 2 d?y
A =17+ +(6X — 103X +3X)W+

[Apéry 1979]
P XeE 112X F1) e
dx

+(X -5y — (u; — 5uy) }=0

has two G-function solutions, namely a(X) = 6 X +a, X2 +...;
b(X)=1+b, X +b X+ .. ;and a(X)—¢(3)b(X) is regular
(in fact vanishes) at o' = (1 —+/2)*. This is interesting, but
no longer incredible; and it is readily generalisable . . . All

thic tnn ioc an idaa Af Ranlrare Trn laanina vrnth tha hisarsa

[van der Poorten 1979]



Irrationality of ((3) 1

La suite u, s'écrit (1,5,73,1445,33001,...)

3.-_5.]_, _6&5(—':{1 Princeton). For example, one’s intuition is just wrong in
4 'feeling incredulity at the facts of @ . All that these report

is that the differential equation

La suite g s'éerit (0,6,

Les deux suites vérifient la relation
d | ; d3y
3 i 3102y, —— 2 (XY -34X3+X2) — +
(@) u_, . - (B >+510% gy | ) %3
2
d*y o

w2

M= 174 +(6X3-103X%+3X)
sage: dop = (Dx*((x"N4 - 34*xN3 + XN2)*DXN3 +
booo8 (6*xA3 - 153*xN2 + 3*X)*DxA2 +
R (7*xA2 - 112*x + 1)*Dx + (x - 5))
sage: lam QQbar (17+12*sqrt(2))
sage: mat = dop.numerical_transition_matrix([0, 1/lam], 1le-30)
sage: 6*mat[1,3]/(mat[1,2] + 5*mat[1,3])
[1.20205690315959428539973816151 +/- 2.05e-30] + [+/- 2.59e-42]*I
sage: RealBallField(100)(3).zeta()
[1.20205690315959428539973816151 +/- 2.71e-30]




Periods of Algebraic Varieties

e Computation based on
Picard-Fuchs differential equations
with polynomial coefficients

e E.g., follow a basis of solutions along
loops in €

e Used to reconstruct exact geometric data
(homology...)

[Chudnovsky, Chudnovsky, 1990;

Sertoz, 2018;

Lairez, Sertoz, 2019, 2020;

Lairez, Pichon-Pharabod, Vanhove, 2024; ...]

ot () =7 —v

y =ty

7 does not have boundary
iff y =y, thatis
iff y € ker £ —id

[]3;1

12

image courtesy of Eric Pichon-Pharabod



Equations can get lar







. . 15
Volumes of Semi-Algebraic Sets [Lairez, M., Safey El Din, 2019]

For a compact s.a. set:

o The “slice volume” function satisfies a Picard-
Fuchs equation

P ' e Except at critical values of the projection,
: . it is analytic
|
5
« Compute initial values by recursive calls,
0 integrate the equation

- slice #2: p = 10866099/4849664
----- slice length = [3.95699242690042041342397892533404623584614411033674866606926914003 +/- 5.52e-66]
- integrating PF equation over [1.010906176264399?, 2.9890938237356027]...
. ...piece volume = [8.1084458716614722013317884330079153901325376090443193970231734 +/- 8.50e-62]
- slice volume = [24.85863912287043868696646961582254943981378134071631307423220 +/- 5.78e-60]
- integrating PF equation over [-1, 1]...
...plece volume = [39.478417604357434475337963999504604541254797628963162506 +/- 6.38e-55]
[39.478417604357434475337963999504604541254797628963162506 +/- 6.38e-55]



. . 16
Sym bOl IC SOl utions [van der Hoeven, 2007; Chyzak, Goyer, M., 2022]

Reconstruct factorization of a differential operator from a basis of numerical solutions

sage: dop = (768*xA18 - 13824*xAN17 + 112896*x"16 - 552960*x/N15 + 1808640*xN14 - 4161024*x"13 + 6903552*xN12
- 8322048*xM11 + 7234560*XN10 - 4423680*xN9 + 1806336*XN8 - 442368*xA7 + 49152*xA6)*DxN6 + (-76032*xA17 +
1279488*xN16 - 9763584*xA15 + 44682240*xN14 - 136631040*xA13 + 294237696*XN12 - 457868544*xA11 + 519124992*XxA10
- 425948160*XN9 + 246865920*xN8 - 96006144*XN7 + 22511616*XN6 - 2408448*XN5)*DXN5 + (2962944*xN16 -
45959360*xA15 + 323956800*XxN14 - 1374850304*Xx"13 + 3921581184*xA12 - 7939259072*xA11 + 11723587392*XN10 -
12744194944*xN9 + 10130443776*X"8 - 5741996032*XxA7 + 2200396800*xN6 - 510883840*xA5 + 54214656*xN4)*DxA4 +
(-54535680*xA15 + 764912128*Xx"14 - 4916996224*XxA13 + 19281508096*xA12 - 51702820352*x/A11 + 100365985024 *xA10
- 144942728064*xN9 + 156742564352*xA8 - 125508995072*XxA7 + 72192137216*XxN6 - 28154152960*xA5 + 6648872960*x"4
- 715751424*x73)*DxN3 + (405844992*xN14 - 5092110976*x"13 + 30303194448*xA12 - 114462393664*x 11
+ 306626051808*X"10 - 610586454848*XxN9 + 918179036112*xA8 - 1040458705280*XA7 + 874119303552*xN6 -
526676536832*xA5 + 214313360640*X"4 - 52485566464*XxN3 + 5814976512*XN2)*DxN2 + (477398016*x/13 -
1428000768*xA12 - 25960369072*XxA11 + 220548962784*Xx"N10 - 831430058816*xN9 + 1944753068704*xA8 -
3176580284176*xN7 + 3812803669504*x"N6 - 3386130527616*xN5 + 2160307930624*XxN4 - 928232421632*XN3 +
238279360512*xN2 - 27408728064*x)*Dx - 15797846016*xA12 + 97889810688*xA11 - 187457537408*xN10 -64013239764*xN9
+ 1021695132036*xA8 - 2748033509204*xA7 + 4844154274236*X"6 - 6210610474824*XxN5 + 5833453259
sage: dop.factor()

[(768*x7"6 - 4608*XxA5 + 9984*xN4 - 9216*XA3 + 3072*xA2)*DxN2 + (-33024*xN5 + 172032*x"4 - 323328*xA3 +
261120*xA2 - 76800*x)*Dx + 122880*x"4 - 853568*Xx"3 + 2044608*xN2 - 1782400*x + 470016,

(XA6 - 6*XN5 + 13*XA4 - 12*XA3 + 4*XA2)*DXA2 + (-46*xN5 + 217*XxA4 - 365*X"3 + 266*xA2 - 72*X)*Dx + 496*x74 -
5223/4*xN3 + 5305/4*xN2 - 2127/2*x + 352,

(XA6 - 6*XN5 + 13*XA4 - 12*XA3 + 4*XA2)*DXxA2 + (-46*xN5 + 217*xA4 - 365*X"3 + 266*xA2 - 72*X)*Dx + 496*x74 -
5223/4*xN3 + 5305/4*xN2 - 2127/2*x + 352]

code by Alexandre Goyer



. . 17
Existence of solutions [Cauchy, ~1839]

~

/Theorem. Let &4, ..., &, be analytic functions {|x| < p} — C.

For any choice of y(0),...,y"Y(0) € €, the differential equation

Y () + o1 () YTV (x) 4 () y(x) =0

\has a unique analytic solution y: {|x| < p} — C.

fo(x) = 1 SEX 4
basis of fi(x) = 1x T EX

solutions

fr(x) = Ix" 1+ mx +---



. . 17
Existence of solutions [Cauchy, ~1839]

~

/Theorem. Let &4, ..., &, be analytic functions {|x| < p} — C.

For any choice of y(0),...,y"Y(0) € €, the differential equation

Y () + o1 () YTV (x) 4 () y(x) =0

\has a unique analytic solution y: {|x| < p} — C.

fo(x) = 1 SEX 4
basis of fi(x) = 1x X+
solutions :

froa(x) = I WX

Proof sketch. 1.Indeterminate coefficients = formal solution y € C[[x]].

2. The formal series § converges for |z| < p. O
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Existence of solutions [Cauchy, ~1839]

~

/Theorem. Let &4, ..., &, be analytic functions {|x| < p} — C.

For any choice of y(0),...,y"Y(0) € €, the differential equation

Y () + o1 () YTV (x) 4 () y(x) =0

\has a unique analytic solution y: {|x| < p} — C. )

fundamental matrix:

folx) =1 Xt fox) ... froa(x)
basis of fi(x) = 1x +EX A+ p ;
solutions : fo (X) T—.I(X)
fr—l(x) = IXT_1+.XT+... f(X): (T_'l) (T_'l)
fo (%) o (%)
) R ]

Proof sketch. 1.Indeterminate coefficients = formal solution y € C[[x]].

2. The formal series § converges for |z| < p. O



Singular points '

Corollary. For an equation

ar(x) yM(x) + - + ag(x) y(x) =0

with polynomial coefficients:

ar(0) #(

e whenever a,(xgp) #0, there is a full basis of P
analytic solutions around xy, a ( E.) —~0
+(&) =

Definition. The zeroes of the leading coefficient a, are called the singular points of the
equation.




Singular points '

Corollary. For an equation

ar(x)yM(x) + - + ao(x) y(x) =0

with polynomial coefficients:

e whenever a,(xgp) #0, there is a full basis of P
analytic solutions around xy, 0 ( E.) —~0
+(&) =

e their Taylor expansions converge at least up
to the closest root of a.,

Definition. The zeroes of the leading coefficient a, are called the singular points of the
equation.




Singular points '

Corollary. For an equation
ar(x)y I (x) + - + ag(x) y(x) =0

with polynomial coefficients:

e whenever a,(xgp) #0, there is a full basis of P
analytic solutions around xy, 0 ( E) —~0
(&) =

e their Taylor expansions converge at least up
to the closest root of a.,

o the only place a solution can become singular
is at a root of a,.

Definition. The zeroes of the leading coefficient a, are called the singular points of the
equation.
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Values of solutions
ar(x) y(r)(x) + -+ ai(x)y'(x) + ap(x)=0
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Values of solutions
ar(x) y I (x) + -+ a1(x) y'(x) + ap(x) =0
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Values of solutions
ar(x) y I (x) + -+ a1(x) y'(x) + ap(x) =0

fQ(X)
X f1 (X)

140-x+ -+ O(x")
0+1-x+---+0(x"

y:a0f0+"'+“rfr




Values of solutions

fo(x)=1+0-x+---+O(x")
fi(x)=0+1-x+ -+ O(x")

y:a0f0+"'+“rfr



Values of solutions

fo(x)=1+0-x+---+O(x")
fi(x)=0+1-x+ -+ O(x")

y:a0f0+"'+“rfr
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xy"(x) +y'(x)

.G.O
[}
—

The complex logarithm

—n<O<m

logp+1i0

log:




. . 21
Connection matrices (2 +1)y"(x) +2xy'(x) =0

Connection defined along a path considered up to homotopy (or given fixed branch cuts)
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Connection matrices (2 +1)y"(x) +2xy'(x) =0

fo(x)=1+0-x+ O(x?)
fi(x)=0+1-x+ O0(x?)

Connection defined along a path considered up to homotopy (or given fixed branch cuts)
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Connection matrices (2 +1)y"(x) +2xy'(x) =0

fo(x)=1+0-x+ O(x?)
fi(x)=0+1-x+ O0(x?)

Connection defined along a path considered up to homotopy (or given fixed branch cuts)
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Connection defined along a path considered up to homotopy (or given fixed branch cuts)



Connection matrices

Connection defined along a path considered up to homotopy (or given fixed branch cuts)
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Connection matrices (2 +1)y"(x) +2xy'(x) =0

y=PRogo+ B191
go(x) =140 (x —x0) + O((x — x0)?)
91(x) =041 (x = x0) + O((x — x0)?)

BREHE
ig(z):1+0-x—l—0(x2)

1) =0+1-x+O(x?)
y=oaofo+ oty

Connection defined along a path considered up to homotopy (or given fixed branch cuts)
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Connection matrices (2 +1)y"(x) +2xy'(x) =0
y=PRogo+ P11

go(x) =140 (x —x0) + O((x —x0)?)
91(x) =041 (x = x0) + O((x — x0)?)

voa -3 8][vo]

fo(x)=1-+0-x+O(x?)
fi(x)=0+1-x+ O(x?)
y=opfo+ o fy

Connection defined along a path considered up to homotopy (or given fixed branch cuts)



Connection matrices

S ]2

(x2+1)y"(x) +2xy'(x) =0

0 } y=PRogo+P191

go(x) =140 (x —x0) + O((x — x0)?)
91(x)

=041 (x=x0) +O((x —x0)*)

21

Connection defined along a path considered up to homotopy (or given fixed branch cuts)



Connection matrices, more explicitly

yex) | [ folx) fraa) |[ yixo)
y'(x1) f6(7<1) 4—1'(X1) y'(x0)
y () £V (x) 7 0a) || v P(xo)
(r—1)! | | =1 (r—1)! (r—1)!

ZTM)

fo(X0+t) =1 + Wt

fi(xo+1) = 1t 4+t

froi(xo+t) = It

22
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Initial conditions at singular points X y”(x) +u'(x) + y (x) = 0 (Besselo)
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Initial conditions at singular points X y”(x) +u'(x) + y (x) = 0 (Besselo)

23

X -
fo(x) = ()+0-1+Q(x)
f1(x)=0-log(x) +1-1+ O(x)
y= ocolog( )+ o +©(x) = y=ugfo+ o1 f1
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Initial conditions at singular points X y”(x) +u'(x) + y (x) = 0 (Besselo)

{
X .
fo(x) = ()+0-1+Q(x)
fi(x)=0-log(x) +1-1+0(x)

y= ocolog( )+ o +0(x) = y=opfo+ s fy




- - . . 23
Initial conditions at singular points X y”(x) +u'(x) + y (x) = 0 (Besselo)

fo(x) =1-log(x) +0-1+ O(x)
fi(x)=0-log(x)+1-1+O(x)
y=aglog(x) + oy + O(x) = y= oo fo+ 1 f1




Singular connection matrices
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Singular connection matrices
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y=aofo+ofi+--
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y=aofo+ofi+--




Singular connection matrices

24

y=PRogo+Prgi+---

gdo(x)
g1(x)

y=aofo+ofi+--




Singular connection matrices

y=PRogo+Prgi+---

gdo(x)
g1(x)

2

e —
1
o Q
o
I — |

24

y=aofo+ofi+--




Summary -

/Problem. Given h
e a differential operator L =a,(x) D"+ - - - + ag(x) with a; € C[x],
e apathin C)\ {singular points} but possibly joining singular points,

e a working precision p,

\Compute a p-bit numerical approximation of the corresponding connection matrix.

J




2 Integration Methods



The Runge-Kutta method

y'(x) =0(x,u(x)) for very general ®
possibly given by code

e solution values on a dense grid
(= everywhere by low-degree interpolation)
o decrease step size to increase accuracy

e typical accuracy: ~1073 to 1076

27
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y'(x) =0(x,u(x)) for very general ®
possibly given by code

e solution values on a dense grid
(= everywhere by low-degree interpolation)
o decrease step size to increase accuracy

e typical accuracy: ~1073 to 1076
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Algorithm. RK4 step for y'(x) = a(x) y(x)

1. o :=a(x)

2. 0=a(x+15) (1+o )
3. ocy:a(x—i—%)(l—l—ocz =)
4. o4:=a(x+h)(1+aszh)

5 Yng1i= <1+ “1+2“2—520‘3+“4h) y

N




The Runge-Kutta method

y'(x) =0(x,u(x)) for very general ®
possibly given by code

e solution values on a dense grid
(= everywhere by low-degree interpolation)
o decrease step size to increase accuracy

e typical accuracy: ~1073 to 1076

27

Algorithm. RK4 step for y'(x) = a(x) y(x)

1. o :=a(x)

2. 0=a(x+15) (1+o )
3.ag=a(x+2) (1+azy)
4. o4:=a(x+h)(1+aszh)

6

0(1+20(2+20£3+0(4h) Yn

Cost: 2+ 0(1) eval + O(1) add/mul



The Runge-Kutta method S

Algorithm. RK4 step for y'(x) = a(x) y(x)
y'(x) =0(x,u(x)) for very general ® Loa:=a(x)
possibly given by code 2. 0=a(x+15) (1+o )
. . 3oagi=a(x+2) (14t
e solution values on a dense grid pi=alet ) (1)
(= everywhere by low-degree interpolation) 4 ou=a(x+h) (1+ash)
e decrease step size to increase accuracy 5. Yng1i= (1 poat2a Jg 203+ x4 h) Un
: ) -3 -6 -
e typical accuracy: ~107" to 10 Cost: 2+ o(1) eval + O(1) add/mul

Mock theorem. For a fixed © satisfying a suitable Lipschitz condition and a fixed
interval [xo, xnJ, the solution ({n)h_q computed by RK4 on a grid (xn)h_ of max
step < h satisfies

max [Jn —yY(xn)|=0(h?) ash—0.
n




The Runge-Kutta method

y'(x) =0(x,u(x)) for very general ®
possibly given by code

e solution values on a dense grid

(= everywhere by low-degree interpolation)

o decrease step size to increase accuracy

e typical accuracy: ~1073 to 1076

27

Algorithm. RK4 step for y'(x) = a(x) y(x)
1. o :=a(x)

(

2. oczzza(x—i—%)(l—i—ocl%)
( h
(

B.ag:=a(x+5) (1+az)

4. o4:=a(x+h)(1+aszh)

5. Yn1i= <1+°‘1+2“222°‘3+“4h> Un
.

Cost: 2+ 0(1) eval + O(1) add/mul

Mock theorem. For a fixed O satisfying a suitable Lipschitz condition and a fixed
interval [xo, xnJ, the solution ({n)h_q computed by RK4 on a grid (xn)h_ of max

step < h satisfies

max [Jn —yY(xn)|=0(h?) ash—0.
n

h2
2

y(x+h) = y(x) +y' () h+y"(x) 5+

2

(1 +a(x)h+(a’(x) + a(x)2)hj+ e

Yo )= T y(x) + O(?)



Taylor methods V00 =00 y(0)

Alternative to RK4 with similar convergence:

h4

YOt ) 2y (x) +y' () ht -y W) 5y

T T

expressible in terms of y(x) using partial derivatives of @

(“4th order Taylor method”) = more complex and costly

% arbitrary order

(There are other numerical methods that can reach arbitrary order!)



Taylor methods V00 =00 y(0)

Alternative to RK4 with similar convergence:

h4

YOt ) 2y (x) +y' () ht -y W) 5y

T T

expressible in terms of y(x) using partial derivatives of @

(“4th order Taylor method”) = more complex and costly

% arbitrary order

Error ~hP means 2°/? steps for accuracy 27¢ Variable order

To keep #steps polynomial, need p ~ ¢ crucial for arbitrary precision

(There are other numerical methods that can reach arbitrary order!)



Order-adaptive, large-step Taylor

e Locally, the solutions are given by convergent power series
e Sum the series numerically to get “initial values” at a new point

(This is just analytic continuation a la Weierstrafs.)

29
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Order-adaptive, Iarge—step Taylor

L 2—X1

1 |
Y (XQ)

y(r_l)(x2) =

e Locally, the solutions are given by convergent power series

e Sum the series numerically to get “initial values” at a new point

(This is just analytic continuation a la Weierstrafs.)
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Order-adaptive, large-step Taylor

e Locally, the solutions are given by convergent power series

e Sum the series numerically to get “initial values” at a new point

(This is just analytic continuation a la Weierstrafs.)
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Speed of convergence and step size

Want:
[e%S) N—-1 [e%S)
D ounx™=D ynx™+ Y ynx®
n=0 n=0 n=N

———
[[Se=27P

~

30



Speed of convergence and step size %

Want:
00 N-1 00
D UnXT= D Unx" Y ynx”
n=0 n=0 n=N

[ Se=27

~

If the radius of convergence is > p, then |y, p™| < 1 for large n, so for N >0

o0 oo
2 unx" D
n=

n=0

D
T—x/p|

n
X

p

x
P

X

‘ n

> X
< Z ’Unpn‘ -
n=N P



Speed of convergence and step size %

Want:
00 N-1 00
D UnXT= D Unx" Y ynx”
n=0 n=0 n=N

[ Se=27

~

If the radius of convergence is > p, then |y, p™| < 1 for large n, so for N >0

o o oo
Z Ynx" < Z ’Unpn‘ < Z
n=N n=N

n=0

D
T—x/p|

n
X

p

x
P

X

‘ n

x
P

o0
Z Ynx™ <27 Nl when x| < p/2.

n=N

In particular,

Asymptotically, we can make steps of size ()(p) regardless of p by taking N =O(p).



Linear case ar()yM(x) + -+ +ar(x) y'(x) + ao(x) y(x) =0 ”

When computing a full basis: steps are independent
easy error propagation
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When computing a full basis: steps are independent
easy error propagation



Linear case ar(x)yM(x) + -+ + ay (%) u'(x) + ao(x) y(x) =0
y(x1) y(xo)
y'(x1) y'(x0)
x F = Ag :
y () vy V(x)
=D L (r—1)!

When computing a full basis: steps are independent
easy error propagation



Linear case ar(x)yM(x) + -+ + ay (%) u'(x) + ao(x) y(x) =0

31

When computing a full basis: steps are independent
easy error propagation



Linear case ar(x)yM(x) + -+ + ay (%) u'(x) + ao(x) y(x) =0

b’\
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When computing a full basis: steps are independent
easy error propagation



Linear case ar(x)yM(x) + -+ + ay (%) u'(x) + ao(x) y(x) =0

Ay
AV
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When computing a full basis: steps are independent
easy error propagation



Linear case ar(x)yM(x) + -+ + ay (%) u'(x) + ao(x) y(x) =0

Ay
Ao
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When computing a full basis: steps are independent
easy error propagation



Linear case ar(x)yM(x) + -+ + ay (%) u'(x) + ao(x) y(x) =0

Ay
Ao

31

When computing a full basis: steps are independent
easy error propagation



Linear case
\

ar(0) Y00+ + () Y(0) + ap(x) y(x) =0
N

31

\

}

_4

When computing a full basis: steps are independent

easy error propagation



Linear case () YD) + -+ a1 (x) y'(x) + ap(x) y(x) =0

X
[ v ]
y'(x0)
:An_l"'Ale
1J(rfl)(xn) y“*l)(xo)
X =1 r—1)

When computing a full basis: steps are independent
easy error propagation
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singular points

O=

Path optimization




Two-point variant

33

Evaluate the same series at two points, invert one of the connection matrices

Alternate expansion points e and evaluation points e



Two-point variant

33

Evaluate the same series at two points, invert one of the connection matrices

Alternate expansion points e and evaluation points e



[corrupted slide deleted]



Recurrences »
Lemma. Any differential operator
order r
ar(x) D"+ -+ ai(x) D+ ap(x), ai€Kx] degree 6
can be rewritten in terms of 0 =x D as order r

XV[o(x) 0T+ - + o (x) 0+ oo(x)], oweK], veZ. degree d <&+




Recurrences

Lemma. Any differential operator
ar(x) D"+ -+ ai(x) D+ ap(x), ai€Kx]

can be rewritten in terms of 0 =x D as

xV[oe(x) 0T+ - - + 1 (x) 0+ xo(x)], oi€K[x], veZ.

/Proposition. The series y € IK((x)) is solution to
L(x,0)-y=0

if and only if the sequence (yn),cyz is solution to

q L(S~5n)- (yn)=0.

/

/

S™h (Wn)nez— (Un—1)nez

35

order r
degree o

order r
degree d <6+

order r
degree d <o+

order d
degree v

Proof. One has x - Z Ynxt= Z Yn_1x"tand 0 - Z Yynxt= Z nynx™ O
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Lemma. Any differential operator
ar(x) D"+ -+ ai(x) D+ ap(x), ai€Kx]

can be rewritten in terms of 0 =x D as

xV[oe(x) 0T+ - - + 1 (x) 0+ xo(x)], oi€K[x], veZ.

/Proposition. The series y € IK((x)) is solution to
L(x,0)-y=0

if and only if the sequence (yn) ,,c7 is solution to

q L(S~5n)- (yn)=0.

/

/

S™h (Wn)nez— (Un—1)nez
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order r
degree o

order r
degree d <6+

order r
degree d <o+

order d
degree v

Proof. One has x - Z Ynxt= Z Yn_1x"tand 0 - Z Yynxt= Z nynx™ O



Summary %

/Mock algorithm. Generic Taylor method for polynomial coefficients
Input: diff. op. L, path xo — gy, tolerance & Output: connection matrix xp — Xfin
1. Deform the path to stay away from the singular points
2. Forn=0,1,... until x,, = xn
a. Select xn1 on the path at distance ~ % d(xn, singular points)
b. Change x to xn+ &in L

c.Forfe {car_lonical basis at xn} and 0<i<r,
compute f)(x; — xg) using a partial sum of its series expansion s.t. tail < ¢

If convergence is too slow or numerical issues, retry with x11 closer to xn.

\3. Return A, --- A1 Ag )




3 Regular Singular Points



Solutions at singular points

Examples.

L=02-2=x>D?2+xD -1 y(x)=axVZ+px V2
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Solutions at singular points

Examples.
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L=02=x?D?+xD y(x) =a+ B log(x)
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Solutions at singular points
X log x

Examples.

[=02-2=x?D2+xD~1 y(x)=axV2+px V2
L=02=x?D?+xD y(x) =a+ B log(x)
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Solutions at singular points

Examples.
[=02-2=x?D2+xD~1
L=02=x?D?+xD
L=2(x—1)xD+ (x+1)

log x

y(x)=axV2+px V2
y(x) = o+ B log(x)
y(x) =xY2 (1 +x+x2+ )

38



Solutions at singular points

XN fo(x)

Examples.
[=02-2=x?D2+xD~1
L=02=x?D?+xD
L=2(x—1)xD+ (x+1)

log x

y(x)=axV2+px V2
y(x) = o+ B log(x)
y(x) =xY2 (1 +x+x2+ )

38



Solutions at singular points %

XM (fo(x) + f1(x) logx + - - - + f(x) log(x)*)

Examples.
[=02-2=x?D2+xD~1 y(x)=axV2+px V2
L=02=x?D?+xD y(x) =a+ B log(x) regular

LIQ(X—l)XD—F(X—i—l) y(x):x1/2(1+x+xz+...)



Solutions at singular points %

XM (fo(x) + f1(x) logx + - - - + f(x) log(x)*)

Examples.

[=02-2=x?D2+xD~1 y(x)=axV2+px V2

L=02=x?D?+xD y(x) =a+ B log(x) regular
LIQ(X—l)XD—F(X—i—l) U(X):X1/2(1+X+X2+---)

L=x?D -1 y(x) =exp(—1/x)

L=x*D?+(3x—1)D+1 y(x):z nlx™ (formally)



Solutions at singular points %

XM (fo(x) + f1(x) logx + - - - + f(x) log(x)*)

Examples.

[=02-2=x?D2+xD~1 y(x)=axV2+px V2

L=02=x?D?+xD y(x) =a+ B log(x) regular
L=2(x—1)xD+(x+1) y(x) =x"2 (1 +x+x2+ 1)

L=x?D -1 y(x) =exp(—1/x) irregular

L=x*D?+(3x—1)D+1 y(x):z nlx™ (formally)



The indicial polynomial V00 =2 (o) + -+ Fr(x) logK(x))

Write the recurrence on (yn) ¢y in the form

do(M) Yn+qi(M) yn—1+ - + gs(n) yn—s=0.



The indicial polynomial V00 =2 (o) + -+ Fr(x) logK(x))

Write the recurrence on (yn) ¢y in the form

do(M) Yn+qi(M) yn—1+ - + gs(n) yn—s=0.

e The valuation of any Laurent series solution must be a root of qq.
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Write the recurrence on (yn) ¢y in the form

do(M) Yn+qi(M) yn—1+ - + gs(n) yn—s=0.

(Deﬁnition. The polynomial qg is called the indicial polynomial of L at 0. j

The polynomial obtained in the same way after x < & + x is called the indicial polynomial at &.

e The valuation of any Laurent series solution must be a root of qq.



The indicial polynomial V00 =2 (o) + -+ Fr(x) logK(x))

Write the recurrence on (yn) ¢y in the form

do(M) Yn+qi(M) yn—1+ - + gs(n) yn—s=0.

The polynomial obtained in the same way after x < & + x is called the indicial polynomial at &.

(Deﬁnition. The polynomial qg is called the indicial polynomial of L at 0. ]

e The valuation of any Laurent series solution must be a root of qq.
If there is no larger integer root, the recurrence defines a formal series solution.



The indicial polynomial V00 =2 (o) + -+ Fr(x) logK(x))

Write the recurrence on (yn) ¢y in the form

do(M) Yn+qi(M) yn—1+ - + gs(n) yn—s=0.

(Deﬁnition. The polynomial qg is called the indicial polynomial of L at 0. ]

The polynomial obtained in the same way after x < & + x is called the indicial polynomial at &.

e The valuation of any Laurent series solution must be a root of qq.
If there is no larger integer root, the recurrence defines a formal series solution.

e When qo(A) =0 for some A ¢ Z, look for solutions x* f(x) with f(x) € C[[x]].
The recurrence remains valid.



The indicial polynomial V00 =2 (o) + -+ Fr(x) logK(x))

Write the recurrence on (yn) ¢y in the form

do(M) Yn+qi(M) yn—1+ - + gs(n) yn—s=0.

(Definition. The polynomial qg is called the indicial polynomial of L at 0. ]

The polynomial obtained in the same way after x < & + x is called the indicial polynomial at &.

e The valuation of any Laurent series solution must be a root of qq.
If there is no larger integer root, the recurrence defines a formal series solution.

e When qo(A) =0 for some A ¢ Z, look for solutions x* f(x) with f(x) € C[[x]].
The recurrence remains valid.

e In the presence of integer root differences,
consider solutions x* (fo(x) + f1(x) logx + - - - + f_1(x) log(x)""1).

This results in deg qq linearly independent solutions.



. . 40
Regular singular points L=ay(x) D"+ +ag(x) [Fuchs, 1866]

Definition. A singular point where the indicial polynomial has degree r (=eq. order)
is called a regular singular point.

Theorem. A point & € C is a regular singular point of L
iff every solution y of L(y) = 0 satisfies, for some c € Z,

y(x)=0(x &™) asx—¢&.

/Theorem. Suppose that 0 is a regular singular point of L.

e [ admits r linearly independent formal solutions of the form
XM (fo(x) + f1(x) logx + - - - + fk(x) log(x)*), e KM)[[x]],

with K <rand A among the roots of the indicial polynomial.

L ° The fy converge in a disk extending at least to the closest other singular point. )




Example

y(x) = Z Un x4 Z vn x"log(x)
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Example

Z U X"+ Z vn x"log(x
Znu X" 1—|—va x” Hog(x)

+Zv xn1

L=xD?—
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Example

y(x) = Zunxn—i-z vnx"log(x
y'(x) = Znu X" l—l—z nvnxn og(x) +Zv X"l
= Z (Mup+vn) x™° 1+Z nv, x™ log(x)

L=xD?—

41
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Recurrences at regular singular points [~ Hefter 1890]

G’roposition. Let 6 =x D. The series R

BEDIRTIE A MOV
VEA+Z k=0 )
is solution to [6:y(x) —xy’(x)]
L(X) e) ‘Y= 0
if and only if the sequence (Y~ k)vea+z is solution to
keN
9 L(S31 v +Sk) - (ynx) =0. )
Here S:,l: (Wy k) — (Wy—1k)

Sk (wyx) = (Wyxt1).

Proof. Same as before (look at the action of x and 0 on x”log(x)*/k!). O



Recurrences and the shape of solutions *

Y0 = 3 yor 280 G0(V) = (v=N) (V=X =2) (v =A=5) (---)
v,k ' T

norootsin A+ 7%

/\k

] ! n

2V

A A+2 A+5




Recurrences and the shape of solutions *

log(x)¥
Y09 =3 yy s 28 Qo) = (v =A) (v ~A=2) (v =A—5) (")
v,k ’ T
norootsin A+ 7%
/\k
F4
O : n
A A+2 A+5 v




Recurrences and the shape of solutions *

Y0 = 3 yor 280 G0(V) = (v=N) (V=X =2) (v =A=5) (---)
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norootsin A+ 7%

/\k

2V

A2 A+5




Recurrences and the shape of solutions *

Y0 = 3 yor 280 G0(V) = (v=N) (V=X =2) (v =A=5) (---)
v,k ' T

norootsin A+ 7%

/\k

n

2V

A A+D




Recurrences and the shape of solutions *

Y0 = 3 yor 280 G0(V) = (v=N) (V=X =2) (v =A=5) (---)
v,k ' T

norootsin A+ 7%

/\k

n

2V

A A+D




Recurrences and the shape of solutions *

Y=Y Yvx” logg)k qo(v)=(v=A) (v=A=2)(v=A=5)(-+-)
v,k

T

norootsin A+ 7%

/\k

] { ] ! n

2V

A2 A+5
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v,k ' T

norootsin A+ 7%

/\k

] { ] { ] ! n

>
+
[\
>
)
ot
2V




Recurrences and the shape of solutions *

Y0 = 3 yor 280 G0(V) = (v=N) (V=X =2) (v =A=5) (---)
v,k ' T

norootsin A+ 7%

/\k

>
+
[\
>
)
ot
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Recurrences and the shape of solutions

k

log(x
Y=Y yvx” Ogé, )
v,k ’

/\k

43

qo(V)Z(V—A)(V—7\—2)(V—7\—5)(~T‘)

norootsin A+ 7%

n

2V



Recurrences and the shape of solutions *

k

Y09 =3 yy s 28 Qo) = (v =A) (v ~A=2) (v =A—5) (")

v,k ' T

no roots in A + %

/\k
] ( J ]
( J ( J ( J ] ( J ] J *
O [ J [ J [ ( J [ . * n

2V




Recurrences and the shape of solutions *

Y0 = 3 yor 280 G0(V) = (v=N) (V=X =2) (v =A=5) (---)
v,k ' T

norootsin A+ 7%

/\k




The echelonized basis

log(x)k
y)=> yvrx" gé! )
v,k

/\k

L = L
A A2 A+5 v

Echelonized basis of solutions:

“initial conditions” =y~ x where v root of qp and k < mult(v)
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The echelonized basis “

log(x)k
y)=> yvrx" gé! )
v,k

N k
Y1(x) =M 2log(x) + - -

A A2 A+5 v

Echelonized basis of solutions:

“initial conditions” =y~ x where v root of qp and k < mult(v)



The echelonized basis

log(x)k
y)=> yvrx" gé! )
v,k

/\k

€] o ]

44

‘ o
A A2 A+5

Echelonized basis of solutions:

“initial conditions” =y~ x where v root of qp and k < mult(v)



The echelonized basis

log(x)k
y)=> yvrx" gé! )
v,k

Ak UO(X):X}\—F
y1(x) =x 2log(x) +
yQ(X)ZXM—Q—i—-'-

o ys(x) =xMP -
TR

Echelonized basis of solutions:

“initial conditions” =y~ x where v root of qp and k < mult(v)

44



Redundancies and the

Frobenius basis ®

/Proposition. If )
log(x)* T
og(x
DD Uk E R EE
v k>0
is a solution, then * & & O+ & o o
v log(x)k O * * * * * %
DD Yk X K
v k=0 ’ Lo e c—eo < 0o o0
A A2 A+D v
\too. )
Frobenius basis:  yo(x) = fo(x) fi€ 22 C[[x]]
yi(x) = fo(x)log(x) + fi(x)
fo(x) log(x)? + 2 f1(x) log(x) + fa(x)

Ya(x) =

Consequence: “On average”

only one row, like for plain series



Redundancies and the Frobenius basis

/Proposition. If

Z Z Yy X" IOg]S(>k

v k=0

is a solution, then

Kk
Z Z Yy, kg1 X7 log]g)

~

v k>0
\too.
Frobenius basis:  yo(x) =
yi(x) =

Ya(x) =

Consequence:

45

Ak
H H B =&
@ & 6 6 o o o
o o LT
A A2 A+5 v
fiezAC[[x]]

fo(x) log(x)? + 2 f1(x) log(x) + fa(x)

“On average” only one row, like for plain series



Redundancies and the

Frobenius basis ®

/Proposition. If )
log(x)* 1
og(x
Z Z Yv kX" gk!
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is a solution, then
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\too. j
Frobenius basis:  yo(x) = fo(x) fi€ 22 C[[x]]
yi(x) = fo(x)log(x) + fi(x)
fo(x) log(x)? + 2 f1(x) log(x) + fa(x)

Ya(x) =

Consequence: “On average”

only one row, like for plain series



Redundancies and the

Frobenius basis ®

/Proposition. If )
log(x)* 1
og(x
Z Z Yv kX" gk!
v k=0
is a solution, then
log(x)¥ O
Z Z Yy 11 xV g]£| )
v k20 ' O S L e B
A A+2 A+5 v
\too. Y,
Frobenius basis:  yo(x) = fo(x) fi€ 22 C[[x]]
yi(x) = fo(x)log(x) + fi(x)
fo(x) log(x)? + 2 f1(x) log(x) + fa(x)

Ya(x) =

Consequence: “On average”

only one row, like for plain series



Connection to a regular singular point

46

To go “into” a regular singular point,
e evaluate a basis of solutions (+ derivatives) at a point « nearby,

e invert the resulting connection matrix



Solving Linear Differential Equations
to High Precision

Part 1l

Marc Mezzarobba
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Recap

Differential equations with polynomial coefficients A
ar(x) Y (x) + ar () y"I) + -+ ao(x) y(x) =0,  aieCx] )
/Connection roblem ) /Ta lor method, large steps R
P Yy g P
y= Z wifi= Z vifj
I
basis at & basis at &
\ Y(&1) =AY(&) ) U N = Y(xn) =An-1--- A1 Ao Y(xo)
/Singular points Local problem )
e Regular: minor technicalities Z W (X1 —x)"
=0
e Irregular: genuine new phenomena n=o 1

local basis, derivatives (= redundancies) )




The local problem *

K—1 oo
S S B E R here [y 07 -+ ou(x) 8-+ ag(x)] - u(x) =0
k=0 n=0

d
f=x I
Good primitive in practice:
e several solutions with the same A
e possibly with logs (no need for special-casing ordinary points)

e several derivatives

e at several points

We will focus on A =0 and K =1 for simplicity (~ everything generalizes)



Outline

1.
2.
3.
4. Low Precision
5. High Precision

6. Error Bounds
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4 Low precision



T 1 . . 52
Low" precision? o(X) O+ -+ + oty (x) 0 + to(x)
T — order
d — degree

h — integer height
p — precision (bits)

w = complexity exponent of linear algebra Mz(n) = cost of integer multiplication



i 1 . - 52
Low" precision? o(X) 07+ - + o1 (x) 0 + o (x)
e Low compared to the size of the o T — order
say p <h d\® d — degree
YP~M5) - h — integer height
This can mean p ~ 10000. p — precision (bits)

e Le.: Regime where algorithms of cost O(p Mz(p)) make sense.

w = complexity exponent of linear algebra Mz(n) = cost of integer multiplication



i 1 . - 52
Low" precision? o(X) O+ -+ + oty (x) 0 + to(x)
e Low compared to the size of the o T — order
say p <h d\® d — degree
YP~M5) - h — integer height
This can mean p ~ 10000. p — precision (bits)

e Le.: Regime where algorithms of cost O(p Mz(p)) make sense.

Gomputing the sum ~ computing the series Coefficient§

complexity model: operations in C

(No chance of reaching o(p?) while computing all coefficients!)

w = complexity exponent of linear algebra Mz(n) = cost of integer multiplication
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“Low" precision? o(X) O+ -+ + oty (x) 0 + to(x)
e Low compared to the size of the o T — order
say p <h d\® d — degree
YP~M5) - h — integer height
This can mean p ~ 10000. p — precision (bits)

e Le.: Regime where algorithms of cost O(p Mz(p)) make sense.

Gomputing the sum ~ computing the series Coefficient§

complexity model: operations in C

(No chance of reaching o(p?) while computing all coefficients!)

e True low precision (p < 100): techniques closer to numerical analysis
+ low-level tricks

w = complexity exponent of linear algebra Mz(n) = cost of integer multiplication



. . 53
Direct recurrence unrolling Qo) Un+ - + qa(n) Ynsa=0

r — order (diff)
degree (rec)

Algorithm. d — degree (diff)
Forn=rr+1,... N—-1 order (rec)

Bo—gqo(n) ; ... ; Ba+—qan)
Un3:_f~)’0_1 (Blyn—l"‘""f'ﬁdyn—d)

Cost for one solution:



. . 53
Direct recurrence unrolling Qo) Un+ - + qa(n) Ynsa=0

r — order (diff)
degree (rec)

Algorithm. d — degree (diff)
Forn=rr+1,... N—-1 order (rec)
Boqo(m) ; ... ; Baga(n) O(dr)

Yn:= _Bo_l (Blyn—l + -+ ﬁdyn—d)

Cost for one solution:
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Direct recurrence unrolling Qo) Un+ - + qa(n) Ynsa=0

r — order (diff)
degree (rec)

Algorithm. d — degree (diff)

Forn=rr+1,... N—-1 order (rec)
Boqo(m) ; ... ; Baga(n) O(dr)
Yn:=—By (B1yn—1+ -+ Bdayn—a) O(d)

Cost for one solution:



. . 53
Direct recurrence unrolling Qo) Un+ - + qa(n) Ynsa=0

r — order (diff)
degree (rec)

Algorithm. d — degree (diff)

Forn=rr+1,... N-1 order (rec)
Bo—gqo(n) ; ... ; Ba+—qan) O(dr)
Yn:i=—Bo (B1yn-1+ - +BaYn—a) O(d)

Cost for one solution: O(drN) ops



. . 53
Direct recurrence unrolling Qo) Un+ - + qa(n) Ynsa=0

r — order (diff)
degree (rec)

Algorithm. d — degree (diff)
Forn=rr+1,... N—-1 order (rec)
Boqo(m) ; ... ; Baga(n) O(dr)
UnZZ_B()_l (Blyn—l"‘""f’ﬁdyn—d) O(d)
Cost for one solution: O(drN) ops

1 solutions: O(drN) ops



. . 53
Direct recurrence unrolling Qo) Un+ - + qa(n) Ynsa=0

r — order (diff)
degree (rec)

Algorithm. d — degree (diff)
Forn=rr+1,... N—-1 order (rec)
Bo—do(m) ; ... ; Ba—da(n) O(dr)
Un3:_f’0_1 (B1yn—1+ -+ PBayn-a) O(d)
naively fast extrapolation
Cost for one solution: O(drN)ops O(dA(r)N) ops A(r) = MT(r)
1 solutions: O(drN) ops

[Shoup, 1991; Gerhard, 2000; Bostan, Schost, 2005;
Bostan, Gaudry, Schost, 2007]

M (n) = cost of polynomial multiplication



. . 53
Direct recurrence unrolling

do(M)Yn+---+daM)Ynya=0

r — order (diff)

X degree (rec)
Algorithm. d — degree (diff)
Forn=r,r+1,... N—-1 order (rec)
Bo—do(m) ; ... ; Ba—da(n) O(dr)
Yn:i=—PBo ' (B1yn-1+ -+ PaUn-a) O(d)
naively fast extrapolation
Cost for one solution: O(drN)ops O(dA(r)N) ops A(r) = MT(r)
1 solutions: O(drN) ops

[Shoup, 1991; Gerhard, 2000; Bostan, Schost, 2005;
Bostan, Gaudry, Schost, 2007]

fund. mat., v pts: idem + O(vr?N) ops

M (n) = cost of polynomial multiplication



Complexity results for power series coefficients >
polynomial coefficients of high degree ~ power series coefficients T — order (diff)
d — degree (diff)
) R N — #terms
1 solution 1 solutions
recurrence O(rN?) O(rN?)
D&C O(rM(N)logN) O(r>M(N)logN) [BCOS?, 2007]
relaxed O(rN (logN) oy O(r®=1NlogN [vdH, 2002, 2007, 2016]
+1M(N)log?N)
Newton O(r"M(N)) [Brent, Kung, 1978; vdH, 2002]
O(r*M(N)) [BCOS?, 2007]
O(rN+12M(N)) ()
block Newton O(r M(N)) (%) O(T?*M(N)) (%) [vdH, 2010]
(*) using O(M(N)) evaluation & interpolation standard assumption: M(n) /n

BCOS?® = Bostan, Chyzak, Ollivier, Salvy, Schost, Sedoglavic; vdH = van der Hoeven



A divide-and-conquer algorithm L= o0 (x) 8"+ -« + o)

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Lyax* +usx® +ysxb+yrx") = gax*+ g5x° + g x° 4+ g7 x" + O(x8)

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Lyax* +usx® +ysxb+yrx") = gax*+ g5x° + g x° 4+ g7 x" + O(x8)

L(ysx*+ysx5) =gax*+g5x°+ O(x°)

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Lyax* +usx® +ysxb+yrx") = gax*+ g5x° + g x° 4+ g7 x" + O(x8)
L(yax*+ysx°) = gax*+ gsx° + O (x5)

L(ysx*)=gsx*+0(x?)

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Lyax* +usx® +ysxb+yrx") = gax*+ g5x° + g x° 4+ g7 x" + O(x8)
L(yax*+ysx°) = gax*+ gsx° + O (x5)

L(ysx*)=gsx*+0(x?)
qo(4) ys=9a4

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Luax* +usx® +ysxb+yrx") = gax*+ g5x° + g6 x° 4+ g7 x" + O(x8)
L(yax*+ysx°) = gax*+ gsx° + O(x5)

L(ysx*)=gsx*+0(x?)
qo(4)Ys=9a4

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Luax* +usx® +ysxb+yrx") = gax*+ g5x° + g6 x° 4+ g7 x" + O(x8)
L(yax*+ysx°) = gax*+ gsx° + O(x5)

L(yax*)=gax*+hsx*+- -
do(4) ya=9ga

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Luax* +usx® +ysxb+yrx") = gax*+ g5x° + g6 x° 4+ g7 x" + O(x8)
L(yax*+ysx°) = gax*+ gsx° + O(x5)

L(yax*)=gax*+hsx5+--- L(ysx®)=(g5—hs)x"+0(x%)

qo(4)Ys=9a4

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Luax* +usx® +ysxb+yrx") = gax*+ g5x° + g6 x° 4+ g7 x" + O(x8)
L(yax*+ysx°) = gax*+ gsx° + O(x5)

Lyax*)=gax*+hsx5+- -+ L(ysx®)=(gs—hs)x>+0(x°)
do(4) ya=9ga do(d) ys=9gs— hs

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Lyax* +ysx® +ysxb+yrx") = gax*+ g5x° + g x° 4+ g7 x" + O(x8)
L(yax*+ysx®) = gax*+ g5x° + O(x5)

Lyaxt)=gax*+hsx5+- -+ L(ysx®)=(gs—hs)x>+0(x°)
qo(4)ya=0a qo(5)ys =95 — hs

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Lyax*+ysx® +usx®+yrx") = gax*+ g5x° 4+ g6 x® 4 g7 x" 4+ O(x®)
L(yax*+ys5x®) = gax + g5 x° + Mx® + Wx7 + O(x%)

Lyaxt)=gax*+hsx5+- -+ L(ysx®)=(gs—hs)x>+0(x°)
qo(4)ya=0a qo(5)ys =95 — hs

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Lyax*+ysx® +ysxO +yrx7) = gax* 4 g5x° + g6 x® 4+ g7 X" + O (x®)
L(yax*+ysx) = gax?+ g5x° + Bx° + Wx"+ O (x®) L(ysxS+yrx7) =mxS+ WX+ O(x®)

Lyaxt)=gax*+hsx5+- -+ L(ysx®)=(gs—hs)x>+0(x°)
qo(4)ya=0a qo(5)ys =95 — hs

qo(0) =0t (0) 0" 4+ - + 0¢1(0) 6 + x(0) Gemma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Lyax*+ysx® +ysxO +yrx7) = gax* 4 g5x° + g6 x® 4+ g7 X" + O (x®)
L(yax*+ysx) = gax?+ g5x° + Bx° + Wx"+ O (x®) L(ysxS+yrx7) =mxS+ WX+ O(x®)

L(yax*)=gax*+hsx®+- -+ L(ysx®)=(g5—hs)x*+0(x5) L(ysx®)=Mx®+0(x%)

do(4) ya=9ga do(5)ys=gs—hs

qo(0) =0t (0) 0" 4+ - + 0¢1(0) 6 + x(0) Gemma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Lyax* +usx®+ysx®+yrx7) = gax?+ g5x° 4+ g6 x® + g7 x7 + O (x®)
L(yax*+ysx) = gax?+ g5x° + Bx° + Wx"+ O (x®) L(ysxS+yrx7) =mxS+ WX+ O(x®)

L(yax*)=gax*+hsx®+- -+ L(ysx®)=(g5—hs)x*+0(x5) L(ysx®)=mx®+0(x5)
do(4) ya=9ga qo(5)ys=9gs—hs qo(6) ys =M

qo(0) =0t (0) 0" 4+ - + 0¢1(0) 6 + x(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Lyax*+ysx® +ysx® +yrx7) = gax* 4 g5x° + g6 x® 4+ g7 x" + O (x®)
L(yax*+ysx) = gax?+ g5x° + Bx° + Wx"+ O (x®) L(yex®+yrx7) =Mx5+ WX+ O(x®)

L(yax*)=gax*+hsx5+--- L(ysx®)=(g5—hs)x"+0(x%) L(yex®)=mx°4+0(x°)
do(4) ya=9ga qo(5)ys=9gs—hs qo(6) ys =M

qo(0) =0t (0) 0" 4+ - + 0¢1(0) 6 + x(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Lyax*+ysx® +ysx® +yrx7) = gax* 4 g5x° + g6 x® 4+ g7 x" + O (x®)
L(yax*+ysx) = gax?+ g5x° + Bx° + Wx"+ O (x®) L(yex®+yrx7) =Mx5+ WX+ O(x®)

L(yax*)=gax*+hsx®+- - L(ysx®)=(g5—Ns)x"+0(x5) L(yex®)=Mx°+Mx"+O0(x*)
do(4) ya=9ga qo(5)ys=9gs—hs qo(6) ys =M

qo(0) =0t (0) 0" 4+ - + 0¢1(0) 6 + x(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

Lyax*+ysx® +ysx® +yrx7) = gax* 4 g5x° + g6 x® 4+ g7 x" + O (x®)
L(yax*+ysx) = gax?+ g5x° + Bx° + Wx"+ O (x®) L(yex®+yrx7) =Mx5+ WX+ O(x®)

L(yax*)=gax*+hsx®+- -+ L(ysx®)=(gs—hs)x*>+0(x5) L(yex®)=mx’+mx"+0(x®)  L(yx")=mx"+0(x%)
qo(4) ya= g4 do(5)ys=95—hs qo(6) ys=m1

qo(0) =0t (0) 0" 4+ - + 0¢1(0) 6 + x(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

L(yax*+ysx® +yex®+yrx’) = gax*+ g5x° 4+ g6 x® 4 g7 x" 4+ O (x®)
L(yax*+ysx) = gax?+ g5x° + Bx° + Wx"+ O (x®) L(yex®+yrx7) =Mx5+ WX+ O(x®)

L(yax*)=gax*+hsx®+- -+ L(ysx®)=(gs—hs)x*>+0(x5) L(yex®)=mx’+mx"+0(x®)  L(yx")=mx"+0(x%)
qo(4) ya=9a do(5)ys=95—hs qo(6) ys=m1 qo(My7=N

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +UYm_1X™ 1 + Yy x™ 4 +yn_1xN "1 +---)=0:
e Solve L( yo+yi X+ +ym_1x™"1 )=0(x™)

e Compute the residual hy, x™+--- +hy_; x¥ ! +ON)=L( yoF+yix+---+ym_1x™ 1)
® Solve L( ymx™ +ymsrx™ - FynixN 7 ) == (hmx™ 4 hy o xN )+ O(KN)

L(yax*+usx®+ye xS +yrx7) = gax* 4 g5x° + g6 x® 4+ g7 x7 + O (x®)
L(yax*+ysx) = gax?+ g5x° + Bx° + Wx"+ O (x®) L(yex®+yrx7) =Mx5+ WX+ O(x®)

L(yax*)=gax*+hsx®+- -+ L(ysx®)=(gs—hs)x*>+0(x5) L(yex®)=mx’+mx"+0(x®)  L(yx")=mx"+0(x%)
qo(4) ya=9a do(5)ys=95—hs qo(6)ye="1 qo(My7r=M

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



A divide-and-conquer algorithm L ()0 ot oo()

Idea. Tosolve L( yo+yix+ - +Ym-1X™ " + ymXx™ 4 +yn_1xN "1 +---)=0:

e Solve L( Yo+uyix+ - Fym_r1x™ ! )ZO(Xm)
o Compute the residual h, x™+--- +hn 1 xN "1 +OMN) =L(yo+yix+ - +ym-1x™")

e Solve L( Umxm+ym+lxm+l+"‘+UN_1XN_1 ):—( hmxm+...+hN_1xN_1 )—|—O(XN)

Lyax* +ysx® +yex®+yrx) = gax? +95X° + g6 X0+ g7 X"+ gsx® 4+ gox”+ - - -

L(yax*+ysx) = gax?+ g5x° + Bx° + Wx"+ O (x®) L(yex®+yrx7) =Mx5+ WX+ O(x®)

L(yax*)=gax*+hsx®+- -+ L(ysx®)=(gs—hs)x*>+0(x5) L(yex®)=mx’+mx"+0(x®)  L(yx")=mx"+0(x%)

qo(4)Ys=9a4 qo(5)ys=9gs—hs qo(6) ys =M qo(7)y-=M

qo(0) =0 (0) 8" + - - + x1(0) 0 + xo(0) G_.emma. L(x™) =qo(n)x™ +Wx" 1+ >

For N > r (ordinary point), qo(N) #0, hence L(§) = O(x") < first N terms of § correct.



. 56
CompleX|ty L(y)=0of order r, N terms

‘A

N

O(r)
(O(M(r)/r) amortized)

Igorithm. Input: L, g=—L-yo.n+ O(x™2Y, n, m Output: Yn.ny2¢

1. If m= 1, return qo(n) 'y, x"
2. Write m = 2{ and giow = gn:n+ ¢ Ghigh = In+e:nt2¢
3. Solve L - Yiow = Glow + O(X™ ) for Yiow € C[X|n:nt e

4. Compute hpigh := (L(910W))n+e:n+2e O(rM(0))

n+2€)

5. Solve L - Ynigh = Ghigh — Nhigh + O(x for Ynigh € C[X]nte:nt2¢

S 6. Return yYiow + Ynigh J

L(yax*+ysx®+ysx®+yrx) =gax*+9g5x°+ gex’+ g7x7+ O (x®)
L(ysx?+ysx®)=gax?+gsx®+ Wx°+ Bx7+ O(x?) L(ysx®+y7x7) =Mx°+MWx7+ O (x?) O(logN)

L(yax*)=gax*+hsx°+0(x) L(ysx°)=Ex°+0(x%) L(yex®)=Mx°+Bx7+0(x%) L(y7x")=Ex"+0(x%)

O(N) Whole tree: O(r M(N)logN)



Polynomial coefficients of high degree o

r — order
d — degree
x0 xd x2d xpd xN-1 N — #terms
L )=0

Cost: O(%r M(d)logd

N——

With schoolbook multiplication: O(NrTd)

Naive algorithm: O(Nrd) for v solutions
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Large {

5 B
[ (xo,ax®+ -+ oo ex® + &g 20-1 X271+ -+ + &g 0)

(o axd+ o o x? 4o aeo1 X2 - g ) © Cost: O(r M(¥))

+
+ .
+ (o‘r,dxd +---+ Xy ¢ XZC +(Xr,2l—1x2£71+ R -‘r(Xr‘o) er ] . (ynX“+~- ~+yn+¢_1x“+ - )

L

= .X“ +,‘,+.Xn+t’7]
+ x4 T2t
+0(x2Y



Large ¢

[ (Oéo,dxd+"'+(Xo,cX2£+0¢0,2e—1X2e_1+~~
20 —
+ (OCL,dXd+~-~+O€1,€X +061‘2e71X2€ T

+

20 -
+ (o axd 4 X oy g X2

L

/Middle product

Cost: M(£)+0O(0)
vs M(2()

x™m Xn+l

Xn+2€ Xn+3€

58

Cost: O(r M (X))
(YnX™ A Yngpex )
X"+ EXTT

+.Xn+@+ . +.Xn+2@71
+ O(Xﬂ)



Large ¢

2 —
[ (xg,ax%+ -+ (Xo,tX“C +CXO,2€—1X2€ T+ 4 o0)

58

Cost: O(r M (1))

+ (o1, ax+ -+ x2t+ 061,2270(2271 +--4+a10) 0
+
4 ((Xr,d x4 o ¢ x2¢ +0(r,2z71X2271 4+ 4 ‘Xr,o) or ] . (yanJr. . ~+yn+e_1x“”—1)
L _ n n+f—1
= Hx + -+ Hlx
+ .Xn+@ 4ot .Xn+2@71
+0(x2Y
/N Middle product A FFT model
2 \\\ Cost: M(£) + O(0) e naive gp 31 transforms (of length 3 £)
\\\ \\\ vs M(2 €) e Jreuse of DFT(«;) & T d +1+ 1 transforms
X4 X N A sum in transformed domain N
XO \\\ \\\ \\\




Large ¢

58

[ (g ax@+ -+ o x? Fogar 1 X2 1+ +g.0)
+ (ot axd 4o o x? o a1 X2 H g o) O Cozi3 O
+
+ (o a X9 o X2+ 0‘r,2l71X2271 +- -4 ar0) 07 ] (Ynx™+-- ~+yn+¢_1x“+“—1)
L — n n+f—1
= Ex" 4+ +Hx
+ .XnJrl 4ot .Xn+2271
+0(x2Y
iddle produc mode
(Middle product "\ (FFT model A
AN e naive &p 31 transforms (of length 3 ¢{
2. Cost: M(0) +0(0) > (of length 30)
L \\\ vs M(20) e | reuse of DFT (o) > ri 41+ 1 transforms
&l e . A sum in transformed domain N
\\ \\ \\ )
X0 N ~ ~ /Fast algorithms A
9 N N
X" /Xn+l 20 n3e O(rM(0)logl+r*~1¢) for r values of y when £ > 1
Y [Bostan, Benoit, van der Hoeven, 2012; van der Hoeven, 2016]




Small ¢

[ (o Fooext+axoe—1x 714

59

o0, x0,0) schoolbook mul: O(r {2)

(ynX“+yn+1X“+1+- ° '+yn+z—1X“H_1)

+ (~-~+061,eXz+061,£71X871+~~-+0€1‘1X+061,u) 0
+
+ ("'+O(T,13XZ+O(1,(,1X/Z?1+"'-‘r(XT‘lXJrO(r»(;) or ]
L
20 In+e=
\\
9
\\
Xi IZ\‘ N
X AN D
9
B
.
S AN
\\ \\
XO N \\
x"n Xn+l X2€
—

— mx" +.X11A1 +.“+.X71+C—1
+gn+zxn+€+lxn+l+1+...+.Xn+2€71
+O<X2(i)



Small ¢

[ (o Fooext+axoe—1x 714

59

o0, x0,0) schoolbook mul: O(r {2)

+ (ot extFag x4 g x o) O
+ +1 +0-1
n n n —
T+ (o ex o e X T o i x o o) 87 ] - (UnX Y Xty )
L _ n n+1 n4+—1
= ExX" +Hx +oo+ X
+gn+zxn+€+lxn+l+1+...+.Xn+2€71
+O<X2(i)

2t (oo,c ) X Yn

\\

N
\\
o4 IZ\\ \\
X SN
N \\
RN
\\ \\
~ \\

XO \\\ \\

x"n Xn+l X2€

<



Small ¢ >

oo e x g em1 X T g 1 x + o
[ 0t 0t 01 0.0) schoolbook mul: O(r {2)

+ (o ext o oo x T o i x o o) O
+ +1 +e—1
n n n —
T+ (o ex o e X T o i x o o) 87 ] - (UnX Y Xty )
L — .X“ +.X11A1 +.“+.X71+C—1
+gn+zxn+€+lxn+l+1+...+.Xn+2€71
+O<X2(i)
20 gnie= (% Fore m ) X Yn
\\\
\\
o4 IZ\\ \\
e N
N \\
NN
\\ \\
N \\
XO \\\ \\
x"n Xn+l X2€
—



Small ¢ >

oo e x g em1 X T g 1 x + o
[ 0t 0t 01 0.0) schoolbook mul: O(r {2)

+ (o ext o oo x T o i x o o) O
+ o e
n n n —
+ (o ex o e X T o x o o) 87 ] - (UnX Y X Ty )
L — mx" +.X11A1 +.“+.X71+C—1
+gn+zxn+€+lxn+l+1+...+.Xn+2€71
+O<X2(i)
x2¢ gnie= (xe +ore m 4+ 4o M) X Yn
\\\
\\
o4 IZ\\ \\
X'C N
N \\
RN
\\ \\
N \\
x0 \\ .
x"n Xn+l X2€
—



Small ¢ 50

cee 4 X(+CX —Xe_1+"‘+0( X+ ot
[ ( iy e . ) schoolbook mul: O(r {2)

+ (...+0(1,@X2+061,e,1)(@f1+...+0¢1‘1X+(XLU) )
: +1 +e—1
+ (o For e x oy XU e x F ) O ] o (UnX Y X ey e X )
L = .X“ +.X11A1 +"‘+.X“+C71
Fgn xR X2
+0(x29)
X2/Z On+e¢—= (CXO,(’, +061ye n +"'+°¢r,e TLT) < Un
Y
o +(060,e—1+0£1,e—1(n+1) +"'+0‘r,271(n+1)r) X Un i1
N \\
oG NN
' Xz AN \\\
\\\ \\\
\\ \\
x9 N
x™ xnHl 2t
<



Small ¢

[ (...Jro‘o,ex‘erchye_lxe_lJr--~+0(0,1X+om,w)

schoolbook mul: O(r {2)

59

+ ( +0(1,@X2+061,[,1x@f1+ +0(1‘1X+O(|VU) 0
+ . e
+ ('~~+°‘T»‘3xl+°‘1v“1"£71+~'~+<XT,1X+O(],(.) or ] (ynxn+yn+1xn+1+“_ernH_an_H,_l)
L — mn n+1 n ‘ ( 1
= HEx" +Hx +- +Hlx
Fgn xR X2
+0(x29)
2t On+e¢= (Oco,e +o1e M oo nr) < Un
\\\\ +(0¢o,571+oc1,271(n+1) +"'+0€r,271(n+1)r) K UYn
%l N +
X N \\\ +(O€0,1 + 11 (nJreil)Jr“’Jro‘f,l—l(nJrf*l)r)XynH_l
\\\ \\\\ T
%0 N
x™ Xn+l X2e
<



Small ¢

[ (...Jrcxo,ex‘erchye_lxe_lJr--~+0(0,1X+om,())

+ (ot extFag x4 g x o) O
+
+ ("'+0(1-,;3XZ+0(1,(,1X[71+"'-‘r(XT‘lXJr(Xr,(;) or ]
L
L2t gnie= (xe¢ +ore m
A
N + (X e—14 g1 (n+1)
N
& Z\‘ N +
X' N
N +
.
N N
\\ \\
XO \\ \\
x"n Xn+l X2€
—

schoolbook mul: O(r {2)

(ynX“+yn+1X“+1+- ° '+yn+z—1X“H_1)

— .X“ +.X“ T
+O<X2d)
+o e

1

+"'+.X“‘( 1
+gn+lxn+€+lxn+l+1+...+.Xn+2@71

nr)

ot o1 (n+1)7)

XYn
X ynJrl

59

(xo1 +arr (A=) 4 +ar 1 (M+{—1)") X Ynye_1

r{ (cheap) ops
independent of y

1



Small ¢

[ (...Jrcxo,ex‘erchye_lxe_lJr--~+0(0,1X+om,())

schoolbook mul: O(r {2)

59

+ (...+0(1,@X2+061,[,1x@f1+...+0¢1‘1X+(XIVU) 0
+ . e
+ ("'+“Tvzx‘z+“1'[71X£7l+"'+(X1-‘1X«+O(]~y(|) or ] (ynX“+yn+1x“+1+-~-+yn+z_1xn+tz—1)
L = " n+1 n+€—1
= HEx" +Hx +- +Hlx
Fgn xR X2
+0(x29)
2t On+e¢= (Oco,e +o1e M oo nr) < Un
\\\\ +(0¢o,571+oc1,ef1(n+1) +"'+0€r,271(n+1)r) K UYn
0%} @\ N \\\ +
X N \\\ +(O€0,1 + 11 (nJreil)Jr“’Jro‘f,l—l(nJrf*l)r)Xyn_H_l
\\\\ \\\ T
x0 AN r{ (cheap) ops f(costly) ops
x™ xn e x2t independent of y depending on y
—



Small ¢

[ (...Jrcxo,ex‘erchye_lxe_lJr--~+0(0,1X+om,())

schoolbook mul: O(r {2)

59

+ (...+0(1,@X2+061,[,1x@f1+...+“1‘1X+(XIVU) 0
+ . e
+ ("'+“T?zxz+“1'[71)€271+"'+(X1-‘1X«+O(]~y(|) or ] (ynX“+yn+1x“+1+-~-+yn+z_1xn+tz—1)
L = " n+1 n+€—1
= HEx" +Hx +- +Hlx
Fgn xR X2
+0(x29)
2t On+e¢= (Oco,e +o1e M oo nr) < Un
\\\\ +(0¢o,571+oc1,ef1(n+1) +"'+0€r,271(n+1)r) K UYn
0%} @\ N \\\ +
X N \\\ +(O€0,1 + 11 (nJreil)Jr“’Jro‘f,l—l(ﬂJrf*l)r)Xyn_H_l
\\\\ \\\ T
x0 AN r{ (cheap) ops f(costly) ops
x™ xn e x2t independent of y depending on y
Yy

Total for r series:

/node: T2
/recursion tree: rd?

over whole algorithm: Nrd ops



Beyond algebraic complexities °0

e All multiplications for computing the y,, were in size r — order (diff. eq.)
d — degree

h — integer height
p — precision

N — terms (~p)

(h4+O(rlogN)) x p

—costx p MZT(h) rather than My(p)

e However, O(N) full-size muls y,, x £&™ for deducing the sum(s)



Beyond algebraic complexities °0

e All multiplications for computing the y,, were in size r — order (diff. eq.)
d — degree

h — integer height
p — precision

N — terms (~p)

(h4+O(rlogN)) x p

—costx p MZT(h) rather than My(p)
e However, O(N) full-size muls y,, x £&™ for deducing the sum(s)

e E.g., with the divide-and-conquer algorithm

Nr Mc(ld) logd “cheap” muls + Nr full-size muls

dominant if p>>r,d,h



Beyond algebraic complexities °0

e All multiplications for computing the y,, were in size r — order (diff. eq.)
d — degree

h — integer height
p — precision

N — terms (~p)

(h4+O(rlogN)) x p

—costx p MZT(h) rather than My(p)
e However, O(N) full-size muls y,, x £&™ for deducing the sum(s)
e E.g., with the divide-and-conquer algorithm

Nr Méd) logd “cheap” muls + Nr full-size muls

dominant if p>>r,d,h

o ynx"=2"2M _, progressively decrease the working precision as n grows
prog y &P &



5 High Precision



Setting 02

r — order (diff. eq.)

[o(x) 87+ -+ + a(x) 8+ axo(x)] -y (x) =0 d — degree (diff. eq.)
T T T h — int. coeff. size
now € Z[x] with coefficients of <h bits p — precision
N — terms
N-1
Want: Z ynx™ for some given x For simplicity: h=0(1)

n=0



Setting °2

r — order (diff. eq.)

[ote(x) 074+ 4 o (x) 0 + o (x)] - y(x) =0 d — degree (diff. eq.)
T T T h — int. coeff. size
now € Z[x] with coefficients of <h bits p — precision
N — terms
N-1
Want: Z ynx™ for some given x For simplicity: h=0(1)
n=0
/Remark. General h: h
O(d®r'/2p3/2) bits ops
using fast multipoint evaluation
(But high overhead,
poor numerical stability.)

\[D, & G. Chudnovsky, 1987, 1990]




Setting

[or(x) 07+ -+ + a1 (x) O+ xo(x)] -y (x) =0

T T T

now € Z[x] with coefficients of <h bits

N-1

Want: Z ynx™ for some given x

n=0

62

r — order (diff. eq.)
d — degree (diff. eq.)
h — int. coeff. size

P — precision

N — terms

For simplicity: h=0(1)

\[D, & G. Chudnovsky, 1987, 1990]

/Remark. General h: /Example.
O(d®r'/2p3/2) bits ops Ny
— ~ i n
using fast multipoint evaluation ulx) =explx) > = !l *
(But high overhead, r—d—1
poor numerical stability.) Equation: - _p
(0—x)-y=0 N~ §
ogPp

N




Exponential by rectangular splitting

Z % = 1+ x +
- + LI LI
il (€+1)!
_|_
1 1
+ Rz IR (I

63
[Smith 1989]



Exponential by rectangular splitting

Z % = 1+ x +
- + LI LI
il (€+1)!
_|_
1 1
+ Rz IR (I

63
[Smith 1989]



. .. 63
Exponential by rectangular splitting [Smith 1989]
— r 7 __p2
Z XT = | 1 + S R ﬁx“l_ x  N=t
n=0 1 0! . 0! ' .
+ il 1 + (€+1'x+ + (2€_1)|x X
_|_ P
1 (-0! . (C=0! o 1] (e—1)¢
] R (- s R - A B



Exponential by rectangular splitting

63
[Smith 1989]

n __p2
ZX_: 1 + % A oee L 1] o N=t
n! (t—1)!
n=0 1 0 0o, .
— 1 : .. : -1
oo S (T S Y oy e X
_|_ P
1 (€2 —0)! (62 —-0! 1 _
1 . -1 (L—1)¢
T @2=0)! * (€2f€+1)!X + + (82—1)!X *

/AIgorithm. A
1. Compute x, x?,...,x'“'and x!, x?¢, ... x( =Dt 2 general mul
2. Compute the inner sums: e.g., {2 scalar mul/div

1 ) 1 1 1 1
1 -1 _ 1 N LN -1
+x+ +(€71)!x (1+1(x+2(x —1—3( +€—1X ))))
3. Compute the outer sum as (€ general + {2 scalar) mul
1 {! (€2 —290)! —1)¢
[]0X0+ﬁ([]1x€+(2e)'(+ (EQ—B') [](X( D ))




Rectangular splitting: comments

e Total cost

64

O(N'2M(p) + Np)=0(p'/2M(p) +p? bit ops

e Readily generalizes to hypergeometric series

U(X)=U0+U1X+U2X2+--',

e Partial analogue for differential equations

[Johansson, 2014]

M(p'/*logp) ,

1/2
O<d‘”[p/ M(p) + o172

1
x(x+1)---(x+mn)

Also works, e.g., for Z
n

] ) bit ops
logp

(now M(n) = cost of integer multiplication)



. . P 65
Exponential by binary splitting [Schroeppel, ~1972; Brent, 1976]

Sum version: xeZ N=2/¢

N-1
x™n 1 Xffl X@ XEJrl X2€71
IN=D) o7 = <0'+ Tty >+ <W+(e+1)!+’”+(2e_1)!>

n=0




. . P 65
Exponential by binary splitting [Schroeppel, ~1972; Brent, 1976]

Sum version: xeZ N=2/¢

N-1
x™ 1 xt-1 x! X X1
In=D, nl (0!4r et )JFW <1+e+1+”'+(e+1)---(2e—1)!)

n=0




. . P 65
Exponential by binary splitting [Schroeppel, ~1972; Brent, 1976]

Sum version: xeZ N=2/¢

N—-1 X" 1 g,1 Xe x Xﬂfl
ZN:; o <0'+ * +(e ) >+ Q0,0 (1+e+_1+”‘+(e+1)---(ze_1)!>
10, 0) " TN
Q0,0 - Q(4LN)

(recurse) (recurse)



Exponential by binary splitting (Schroeppel, ~1972; Brent, 1976]
Sum version: xXeZ N=2¢
N-1

x™ 1 xt1 x* X xt1
ZN:;H - <0'+ L 1)!) Q0,0 (1+e+_1+”‘+(e+1)---(ze_1)!>

(g((% % (recurse) :% (recurse)

_ Q(ELN)T(0,0) +x"T(¢,N)
Q(0,6) Q(¢,N)



Exponential by binary splitting (Schroeppel, ~1972; Brent, 1976]
Sum version: xXeZ N=2¢
N-1
x™ 1 xt1 x* X xt1
ZN:;H = <0'+ R 1)!) Q0,0 (1+e+_1+”‘+(e+1)---(ze_1)!>
(g((% % (recurse) :% (recurse)
_ Q,N)T(0,0) +x'T((,N) _ T(0,N)
Q(0,6) Q(¢,N) Q(0,N)



Exponential by binary splitting 65

[Schroeppel, ~1972; Brent, 1976]

Sum version: xeZ N=2/¢

N-lon 1 x -1 0 X x -1
ZN:; oo <0'+ + +(e—1)!> Q0,0 (1+e+_1+”‘+(e+1)---(ze_1)!>
(g((% % (recurse) :% (recurse)
_ Q,N)T(0,0) +x'T((,N) _ T(0,N)
Q(0,£) Q(L,N) Q(0,N)
Product version:
XT\.

(5)=(m ) (e
n



Exponential by binary splitting 65

Sum version:

0
_ Q,N)T(0,0) +x'T((,N) _ T(0,N)
0,0

N-1 o
n-y 4
n!
n=0
Product version:
XT\.
Up = —
n!

[Schroeppel, ~1972; Brent, 1976]
xXeZ N=2¢

1 xt1 x* X xt1
<0'+ = +(e—1)!> Q0,0 (1+e+_1+”‘+(e+1)---(ze_1)!>
—T7(0,0)

-~ Q(0,

_T(LN)
(recurse) “Q0N) (recurse)

Q(0,8) Q(¢,N) ~ Q(O,N)

()= (x o) (o)



Exponential by binary splitting 65

[Schroeppel, ~1972; Brent, 1976]

Sum version: xeZ N=2/¢

N-lon 1 x -1 0 X x -1
ZN:; oo <0'+ + +(e—1)!> Q0,0 (1+e+_1+”‘+(e+1)---(ze_1)!>
(g((% % (recurse) :% (recurse)
_ Q,N)T(0,0) +x'T((,N) _ T(0,N)
Q(0,£) Q(L,N) Q(0,N)
Product version:
XT\.

“Es (5)-(3 %)~ ()0



Exponential by binary splitting 65

[Schroeppel, ~1972; Brent, 1976]

Sum version: xeZ N=2/¢

NZln 1 X1 X! X X1
ZN:nZ:O oo <0'+ + +(e—1)!> Q0,0 (1+e+_1+”‘+(e+1)---(ze_1)!>
(g((% % (recurse) :% (recurse)
_ Q,N)T(0,0) +x'T((,N) _ T(0,N)
Q(0,£) Q(L,N) Q(0,N)
Product version:
XT\.

o )RR ) GG (5)
X . ) \UNN {41 2+1 [ 11 20
:Eun—l




. . P 65
Exponential by binary splitting [Schroeppel, ~1972; Brent, 1976]

Sum version: xXeZ N=2¢
N-1
X" 1 X1 X! X K1
ZN:nZ:OH <0'+ * +(e ) >+ Q0,0 (1+e+_1+”‘+(e+1)---(ze_1)!>
_ T(0,0) _ T(E,N)
~000.0) (recurse) 0N LN (recurse)
_ Q,N)T(0,0) +x'T((,N) _ T(0,N)
Q(0,8) Q(¢,N) Q(0,N)

Product version:

Up = —
n! Un \ _ (x 0 X 0 x 0 x 0 Ug
X Yn/) NN 0+10+1 £ 11 X0

x* 0 x* 0
T, N) Q({,N) T(0,2) Q(0,¢0)




Complexity

()

(32) (37) (50) (o) (39) (33) (33
O(logTJ)bits

66
bit size(x) = O(1)

N leaves
Row k from the bottom costs O(2*M( 2klogN )) =O(M(N
Whole product tree O(M(N log? N)) bit ops

) O(logN)
0 ) levels

) (1Y)

log N)) bit ops

(final division: O(M(p))



High-precision evaluation of classical constants o

Theorem. [D. & G. Chudnovsky, 1987]
112 O n (Bn)! (an+Db) a=545140134
—=—=" (—1) 3 3 , b =13591409
T (32 Bn)int? - cn ¢ = 640320

convergence: 14 decimal digits / term (!)

1 hypergeometric series, 1 square root, 1 division

cost O(M(p log(p)?)) for p digits

AGM: O(M(p) log(p)) [Salamin 1976, Brent 1978]
but higher overhead



. .o 68
Binary splitting for ODEs [D. & G. Chudnovsky, 1987, 1990]
The recurrence qo(n) yn+ - - + qa(n) yn =0 rewrites into
Yn—d+1 1 Yn—d
Yn—-1 = 1 Yn—2
un ~dqa(m)  qa-1(n) ~qi(n) .
qo(n) qo(n) qo(n)

do(n)~'B(n)



68

Binary splitting for ODEs [D. & G. Chudnovsky, 1987, 1990]
y
The recurrence qo(n) yn+ - - + qa(n) yn =0 rewrites into
YUn—d+1 1 Yn-d
Yn—-1 = 1 Yn—2
un ~dqa(m)  qa-1(n) ~qi(n) Yt
qo(n) qo(n) qo(n)
. ao(n)~B(n)
For the sums X, = Z Yn X" this implies
n=0
Yn—dr1x" 0 Yn—ax™!
: 1 B(n) [x| :
Ynx™ qo(n) Ynog x 1

In 00 -+ qon)|dgo(n) Tni



69

Binary splitting for ODEs

Yn—d+1 x™" u ) 0 Un—dxn_1
. 1 t. X .
: _ - :
Ynx'" do(n) EE - m 0 Ynog x 1
In 00 -+ go(n)|go(n) n-1
P(n)
Algorithm.
1. Compute P(N) P(N —1) --- P(r) as a product tree
2. Apply to [0,...,0,yox" L, ... ,yr—1 X" L £, 4]", take the last entry

3. Divide by qo(N) - - - qo(r) (=bottom right entry of the matrix product)

1 solutions for ~ the price of one



Complexity

O(rNlogN-+logdlogN)

size(x) = O(1) (ok at intermediate points)

O(N) matrices

70



Complexity

O(rNlogN-+logdlogN)

size(x) = O(1) (ok at intermediate points)

= 0

O(N) matrices

Cost forr<d=0(N):

e Topnode O(d“ M(rNlogN))

e Whole tree O((log N) - [top node])

70



. 70
Com p|eX|ty size(x) = O(1) (ok at intermediate points)

O(rNlogN-+logdlogN) [ ]

0

O(N) matrices

Cost forr<d=0(N):

e Topnode O(d“ M(rNlogN))
O(d*M(rNlogN)+d®rNlogN) (FFT model)

(
(¢*M
O(d2 M(T‘ N log N) + dw+°(1) rN log1+°(1) N) [Harvey, van der Hoeven, 2018]
e Whole tree O((log N) - [top node])



Com plexity size(x) = O(1) (ok at intermediate points)

O(rNlogN-+logdlogN) [ ]

< 0

O(rlogN)

~~

O(N) matrices

Cost forr<d=0(N):
o Leaves O(N drM(rlogN)) naively, actually negligible
e Topnode O(d“ M(rNlogN))
O(d M (rNlogN)+d®rNlogN) (FFT model)

(
(
O(d2 M(rNlogN) + detom N 10g1+0(1) N) [Harvey, van der Hoeven, 2018]
e Whole tree O((log N) - [top node])

70



Remarks

e Using unreduced fractions is crucial
(otherwise integer gcds would dominate the cost)

¢ But removing “easy” common factors helps

71



Remarks

e Using unreduced fractions is crucial
(otherwise integer gcds would dominate the cost)

¢ But removing “easy” common factors helps

¢ In the top O(loglog N) levels, entry sizes become > p

Switch to iterative multiplication at precision ~p

(Also improves space complexity)

71



Remarks

e Using unreduced fractions is crucial
(otherwise integer gcds would dominate the cost)

¢ But removing “easy” common factors helps

¢ In the top O(loglog N) levels, entry sizes become > p

Switch to iterative multiplication at precision ~p

(Also improves space complexity)

e More constant-factor savings in the FFT model

71



Derivatives Ta(x)= Y ynx"

Replace x by x + ¢, work modulo €™

In(x+8) =In(0) + T(x) e+ 4 =gy En 00 e+ 0(e")
| | 0 0
. (x+e)| Mo .-()H—E)Nr :
EE N 0 0
0 0 - go(n)|go(n) u CIRE L

. does notdependone (but @ W --- M does) = constant factor (r <d)

Regular singular points
Similarly, compute modulo w()) and S{ to handle x* and logs




Dependency on the evaluation point

x of bit size H

r,d,h=0(1)

size of each row
M(N (H+1logN))logN = ©O(p? if N,H=0(p)

~—_——
size of each leaf depth

73



. 74
The bit-burst method for exp(x) [Brent, 1976]
Write x = 0.61883848586E7E8809810811812813814E15E 16617 {mk< 92541
D N .
— Moty Mmoo Mg my fits on 2¥ bits

exp(x) = exp(mp) exp(my) -- - exp(my_1) K=0(logp)



- 74
The bit-burst method for exp(x) [Brent, 1976]
Write x = 0.518838485868788808 108118128138 14815816617 {mk< 9-2"+1

NNl NG e —— . .
— Moty Mmoo Mg my fits on 2¥ bits
exp(x) = exp(mp)exp(mi) --- exp(mk—1) K=0(logp)
H <2k
For exp(my): !
M(N (H+1logN))logN
T

because m; <272"
N=0(2"%p)
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Write x = 0.518838485868788808 108118128138 14815816617 {mk< 9-2"+1
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The bit-burst method for exp(x) [Brent, 1976]
Write x = 0.518838485868788808 108118128138 14815816617 {mk< 9-2"+1
— -~ OO . .
— Moty Mmoo Mg my fits on 2¥ bits
exp(x) = exp(mp)exp(mi) --- exp(mk—1) K=0(logp)
H <2k
For exp(my): !
M(N (H+1logN))logN = O(M(p+2*plogp)logp)
T = O(M(plogp 42 *plog?
because my < 2-7 (M(plogp plog?p))
N=0(2"%p)

Total:

K—1 K—1
Yoo o= O<M<Kplogp+z 2_kplog2‘p>>

k=0



74

The bit-burst method for exp(x) [Brent, 1976]
Write x = 0.518838485868788808 108118128138 14815816617 {mk< 9-2"+1
— -~ OO . .
— Moty Mmoo Mg my fits on 2¥ bits
exp(x) = exp(mp)exp(mi) --- exp(mk—1) K=0(logp)
H <2k
For exp(my): !
M(N (H+1logN))logN = O(M(p+2*plogp)logp)
T = O(M(plogp 42 *plog?
because my < 2-7 (M(plogp plog?p))
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Total: K—1 K-1
> o = O[M[Kplogp+ > 27*plog?p

k=0
= O(M(plog®p))
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The bit-burst method for exp(x) [Brent, 1976]
Write x = 0.518838485868788808 108118128138 14815816617 {mkg 9-2"+1
— -~ OO . .
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exp(x) = exp(mp)exp(mi) --- exp(mk—1) K=0(logp)
H <2k
For exp(my): !
M(N (H+1logN))logN = O(M(p+2*plogp)logp)
1 = O(M(plogp +2 ¥%plog?
because my < 2-7 (M(plogp plog?p))
N=0(2"%p)
Total: K-1 K-1
> o = O[M[Kplogp+ > 27*plog?p
k=0 k=0
= O(M(plog®p))

FFT model: O (W) [van der Hoeven, Johansson, 2024]; AGM: O(M(p log p)) [Salamin 1976, Brent 1978]
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The bit-burst method for ODEs [D. & G. Chudnovsky, 1987, 1990]

Write
x =0.61828384E5E6E7E8E98 108118128138 14815816E17- -
$16263¢ TG8GIG10G116126136 14615

Compute by binary splitting the connection matrices along the path

0.61 — 0.&1&283
— 0.8182838485E6E7
— 0.618&28384E586E7E8E0E10811E12813814815
s .
— X
At the kth step: the ‘local’ differential operator involves coeffs of h = @(2) bits

the evaluation point has size H=0(2")
only O(27%p) terms are needed.

Cost~ d® M(plog?p) for p bits.
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Summary
/Theorem. [D. & G. Chudnovsky, 1990; van der Hoeven, 1999, 2001; M., 2010]\

For a fixed differential equation,

a fixed path in C\ {singular points}, possibly joining regular singular points,
one can compute the connection matrix with an absolute error bounded by 277 in
O(M(p log?p)) bit operations

L (M(p log®p)) bit op )

e Cost for a complete fundamental matrix ~ cost for a single series
e Good in practice for small equations

e For d >, the hidden dependency on d (about d? to d*)
quickly becomes problematic.



6 Error Bounds



Error sources

78

Truncation errors )
[e%s) N-1
E Ynx" § Ynx"
n=0 n=0 /

Error propagation (mesoscopic)
E.g., A¢--- A1 Ap from approximate Aj,

fo(x) + -+ + fr—1(x) log"~1(x) from
approximate fi(x) and log(x), ...

Interval (ball) arithmetic:

[mlip1]+[m2ip2] S X1+ X9
[mlipl]x[mzipﬂ > X1 X X2

Rounding errors (basic arithmetic)

In algorithms that work on approximate
complex numbers:

]/ do(m)

YUn~—[ai(n) X yn-1 F -

J

for mi—pi<xi<mMi+p;
Mo — P2 < Xo < Mo+ P2



Truncation errors

79

/Problem. Bound the tail R
N-—-1 00
U(E,) = z yn€“+ Z Unan
n=0 n=N
known l<?
\given the “last few” coefficients yn_1,yn_2, ... of a truncated solution. )

For us: 0 ordinary point (everything generalizes to regular singular points).



Truncation errors

79

/Problem. Bound the tail R
N-—-1 00
= z yn€“+ Z Unan
n=0 n=N
known l<?
iven the “last few” coefficients yn_1, yn_2, ... of a truncated solution.
\& J
(E x N
xample. When y(x) = e*: P " .
P y(x) worst C?isr(: q é;n(c):?lc\)lr; first neglected term
l i}
i i N~ N e < eldl LET
= S N (N+n)! = N!
N "= n=o J

For us: 0 ordinary point (everything generalizes to regular singular points).



Setting 80
Rewrite the equation a,(x) y(™(x) + - - - 4+ ag(x) y(x) =0 as
y'(x) () X
. ’V y”'(x) -‘ . 1 ’V a . :j/((x)) -|
[ : } ar(x) { ax(x) :
y(x) —ao(x) —ai(x) -+ —ar—1(x) yH(x)
_PK) Y(x
A(x)= () (x)

W.lLo.g., assume a.(0) =1.
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Setting
Rewrite the equation a,(x)y™(x) + - + ag(x) y(x) =0 as
y'(x) ar(x) y(x)
I v |
T ™) o |
yM(x) —ap(x) —ai(x) -+ —ar_1(x) yH(x)
_P() Y(x)
A(X)_ar(x)
Denote
N-1 oo
Y(x) = Z Ynx™ + Z Y x™ (N>1)
n=0 n=0
Y(x) (known) R(x)

W.lLo.g., assume a.(0) =1.



A residual Y —AY=0
A:ar_lP

Using the known Y, compute

axY —xPY = Q

Orders of magnitude: Q ~ first neglected terms ~ tail of y(x)

Y=Y+R
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A residual Y-AY=0 Y=Y+R
A=a;'P

Using the known Y, compute

axY —xPY = Q = mxN+..-+mxNtd
=—(arxR'—xPR)

Orders of magnitude: Q ~ first neglected terms ~ tail of y(x)



A residual Y-AY=0 Y=Y+R
A=a;'P

Using the known Y, compute

axY —xPY = Q = mxN+..-+mxNtd
=—(arxR'—xPR)

to get an explicit equation

d
xR'—xAR=0 where (D:—g:xNu.
ar ar(x)

Orders of magnitude: Q ~ first neglected terms ~ tail of y(x)



Majorants

xR/(x) —x A

T T
P Q
- =

(

tail of Y(x)
!
x)R(x) = D(x)

a

=

Y -AY=0
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Majorants tail of Y(x)
!

xR/(x) = x A(x)R(x) = @(x)

7
P
ar

Notation. Write u < it when Vn, ||uy|| < ln.

Lemma. If u< 1t and v<V for some norm(s) s.t. ||uivs|| < |will ||vj],

then uv <.

1
Q

ar

82
Y -AY=0
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Majorants tail of Y(x) Y —AY=0
!
xR/(x) = x A(x)R(x) = @(x)
T T
P Q
ar ar
/Algorithm. h
e Write a(x) = H (1 — %), compute & |Ei] with 0 < Ei< |&il.
N J

Notation. Write u < it when Vn, ||uy|| < ln.

Lemma. If u< 1t and v<V for some norm(s) s.t. ||uivs|| < |will ||vj],
thenuv <.
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Majorants tail of Y(x) Y —AY=0
!
xR/(x) = x A(x)R(x) = @(x)
T T
P Q
ar ar
/Algorithm. h
e Write a,(x) = U (1 - ?) compute &;~ |&;| with 0< &; <|&i.
1 1 .
Then o < @ where a.(x) = U (1 - Z)
N J

Notation. Write u < it when Vn, ||uy|| < ln.

Lemma. If u< 1t and v<V for some norm(s) s.t. ||uivs|| < |will ||vj],

then uv <.
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Majorants tail of Y(x) Y —AY=0
!
xR/(x) = x A(x)R(x) = @(x)
T T
P Q
ar ar
/Algorithm. h
e Write a,(x) = U (1 - ?) compute &;~ |&;| with 0< &; <|&i.
11 o
Then o < @ where a.(x) = 1:[ (1 - Z)
L Compute p >> P using the known coefficients of P. )

Notation. Write u < it when Vn, ||uy|| < ln.

Lemma. If u< 1t and v<V for some norm(s) s.t. ||uivs|| < |will ||vj],

then uv <.
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Majorants tail of Y(x) Y —AY=0
!
xR/(x) = x A(x)R(x) = @(x)
o f
PP Q
ar ar ar
/Algorithm. h
e Write a(x) = 1:[ (1 — %), compute & |Ei] with 0 < Ei< |&il.
1 1 y o X
Then o < @ where a.(x) = 1:[ (1 - é_l)
L Compute p >> P using the known coefficients of P. )

Notation. Write u < it when Vn, ||uy|| < ln.

Lemma. If u< 1t and v<V for some norm(s) s.t. ||uivs|| < |will ||vj],

then uv <.
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Majorants tail of Y(x) Y —AY=0
!
xR/(x) = x A(x)R(x) = @(x)
o f
A=l P Q
ar ar ar
/Algorithm. h
e Write a(x) = 1:[ (1 — %), compute & |Ei] with 0 < Ei< |&il.
1 1 y o X
Then o < @ where a.(x) = 1:[ (1 - é_l)
L Compute p >> P using the known coefficients of P. )

Notation. Write u < it when Vn, ||uy|| < ln.

Lemma. If u< 1t and v<V for some norm(s) s.t. ||uivs|| < |will ||vj],

then uv <.
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Majorants tail of Y(x) Y —AY=0
!
xR/(x) = x A(x)R(x) = @(x)
A T T A
A=l P Qed_¢
ay ar ar ar
/Algorithm. h

e Write a(x) = H (1 — %), compute & |Ei] with 0 < Ei< |&il.

1
Then air < vi where a.(x) = H (1 - vl)

Ay ; &i
L ° Compute p >> P using the known coefficients of P. Same for Q. )
Notation. Write u < 1t when Vn, |[un|| < in. u(x) =3 unx™"

Lemma. If u< 1t and v<V for some norm(s) s.t. ||uivs|| < |will ||vj],
thenuv <.



The method of majorants
We have
xR/(x) =x A(x) R(x) + O (x).

Expanding in power series on both sides
and identifying leads to

1

1 n—1-—N
Yo = E(d)rd—z AY. _1_i>, n>N.

i=0

[Cauchy, 1842]
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The method of majorants
We have
xR/(x) =x A(x) R(x) + O (x).

Expanding in power series on both sides
and identifying leads to

1

1 n—1-—N
Yo = E(d)rd—z AY. _1_i>, n>N.

i=0

[Cauchy, 1842]

Consider the scalar first-order equation

~ ~

x P’ (x) =x A(x) P(x) + D(x).
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The method of majorants
We have

xR/(x) =x A(x) R(x) + O (x).

Expanding in power series on both sides
and identifying leads to

1

1 n—1—N
E <®n+ Z AiYn—l—i>) n>N.

i=0

Yn =

83
[Cauchy, 1842]

Consider the scalar first-order equation

X B/ (x) =x A () H(x) + D(x).

Expanding in power series on both sides
and identifying leads to
-1 —i) , > N.

Un

S =



The method of majorants
We have

xR/(x) =x A(x) R(x) + O (x).

Expanding in power series on both sides
and identifying leads to

1
1 n—1—N
Y, = E(d)ﬁz% ALY _1_i>, n>N.
1=

83
[Cauchy, 1842]

Consider the scalar first-order equation

x P’ (x) =x A(x) P(x) + D(x).

Expanding in power series on both sides
and identifying leads to
-1 —i) , > N.

TN

S =

By induction, || Yr|| < ﬂ)n foralln > N.

Le.: R(x) < 1 (x) where (x) is the solution of x ’(x) = x

A~

A(x) b (x) + D (x) with (0) =



Solving the majorant equation

The equation



Solving the majorant equation

The equation

xp'(x)

admits a unique solution

h(x)

=xA(x) P (x) + D(x),
Xt_}ll(qt))(” dt,  h(x)




Solving the majorant equation

The equation

x /() =x Ax) b(x) + B (x),

admits a unique solution

—_

t-1d(t)

H) = h(x) /0 nat,
B 40
= 109 [ g &

This implies

[V &M Yo EM 4 < D(E)

P
exp/ b
0o a

Il
VRS

]

|£| .tN—l R .tN+d—1

a(t) h(t)

dt

indep(N)

. o
~first neglected term



Remarks 8

Homogeneous version.
The same method works directly on the equation Y/ =AY (no truncation, no @),

yields a bound Y(x) < Y(x).

Typically much worse numerically.

Analyticity.
We have just proven the convergence of power series solutions!

(And thus the Cauchy existence theorem.)

Propagation of rounding errors.
To control the impact of rounding errors in the iterative computation of (yn)n,
use a similar method with a series encoding the “local” errors on the rhs.



Conclusion



Summary

“Low” precision

Computing the sum ~ computing the terms O(rp?) /solution
alt. O(dp?)

“High” precision R

Binary splitting + bit burst O(d®p) /fundamental matrix

Error bounds

Explicit residual + 1st order model (majorant) equation = tail bound

Interval arithmetic does the rest Y,




Some open questions %

Algorithms and complexity h

N terms in N log®))(r) log®™®)(d) ops? — Eval in d<2p=3/2 bit ops?

Full complexity analysis as a function of the equation and evaluation point? )

Fast implementations )

Middle product — Practical FFT model over Z — Fast arithmetic at low precision )
/Alternative integration methods Rigorous and/or high-precision Versions\
\Runge—Kutta methods — Multistep methods — Ehle’s method — ... )
/Improvements for big equations R
\Apparent singularities — Practical bounds for rounding errors — ... )
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