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2Implementation

$ sage -pip install git+https://github.com/mkauers/ore_algebra.git



1 Solutions



4Linear Ordinary Differential Equations

Y 0(x)=A(x) Y(x)

ai(x)2C[[x]]
ai2C[x]
#

ar(x)y
(r)(x)+ � � �+

ai2C[x]
#

a1(x)y
0(x)+

ai2C[x]
#

a0(x)y(x)

"
y:C!C

=0

ar(x)y(r)(x)+ � � �+a0(x)y(x)=b(x)
y:Qp!Qp

Complex time Arbitrary precision Singular points Error bounds

Operator notation: L(y)= 0 where L=ar(x)Dr+ � � �+a1(x)D+a0(x)
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5Special Functions

–2

–1

0

1

2

–6 –4 –2 2 4 6

–2

–1

0

1

2

–6 –4 –2 2 4 6

–2

–1

0

1

2

–6 –4 –2 2 4 6

–2

–1

0

1

2

–6 –4 –2 2 4 6

cos(x) erf(x) Ai(x) ¡(x)

–2

–1

0

1

2

–6 –4 –2 2 4 6

–2

–1

0

1

2

–6 –4 –2 2 4 6

–2

–1

0

1

2

–6 –4 –2 2 4 6

–2

–1

0

1

2

–6 –4 –2 2 4 6

Ci(x) exp(x) arctan(x) �(x)

–2

–1

0

1

2

–6 –4 –2 2 4 6

–2

–1

0

1

2

–6 –4 –2 2 4 6

–2

–1

0

1

2

–6 –4 –2 2 4 6

–2

–1

0

1

2

–6 –4 –2 2 4 6

Y0(x) J1(x) Si(x) tan(x)



6Iterated Integrals [Ablinger, Blümlein, Raab, Schneider, 2014]

I(x)=
Z
0x

1x5dx5
x5¡ 1

Z
x5

1 dx4

x4 x4¡ 1

4

q Z
x4

1 dx3

x3 x3¡ 1

4

q Z
x3

1 dx2
1¡ x2

Z
x2

1 dx1
1¡ x1

=?

(with suitable branch choices)

(4 x9¡ 13 x8+ 15 x7¡ 7 x6+ x5)I(6)(x)
+ (54 x8¡ 140 x7+ 120 x6¡ 36 x5+2 x4)I(5)(x)
+ (202 x7¡ 397 x6+ 228 x5¡ 34 x4+ x3)I(4)(x)
+ (222 x6¡ 303 x5+ 90 x4+3 x3¡ 3 x2)I(3)(x)
+ (48 x5¡ 37 x4+ x3¡ 6 x2+6 x)I00(x)
+ (¡x2+6 x¡ 6)I0(x) = 0

sage: from ore_algebra.examples.iint import diffop, h, w, f
sage: dop = diffop([h[0], w[8], w[8], f[1], f[1]])
sage: ini = [0, 0, 0, 1/3, -2/3-i*pi/3, 11/12+2*i*pi/3-pi^2/6]
sage: iint_value(dop, myini, 1e-500)
[0.9708046956249312405 ... 59027603834204946 +/- 9.05e-501]
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7Pólya walks

Generating series of walks on Zd (d> 3):

w(x)
"

walks 0!!!!!!!!!!!!!!� 0

=1+

�rst return after n steps
#
f(x)w(x)

Return probability:

f( /1 2d)= 1¡ 1
w( /1 2d)

Di�erential equation (via diagonals):

L(w)= 0

d=3 z2 (4z2¡ 1) (36z2¡ 1)D3+(1296z5¡240z3+3z)D2+(2592z4¡ 288z2+1)D+ 864z3¡48z

d=4 (1024z7¡80z5+z3)D4+(14336z6¡ 800z4+6z2)D3+(55296z5¡2048z3+7z)D2

+(61440z4¡ 1344z2+1)D+ 12288z3¡128z



((269276305858560000 z30¡80950584950784000 z28+3629735201193984 z26¡57080630763520 z24+409981265408 z22¡1499829760 z20+
2871232 z18¡2720 z16+z14)D15+(60587168818176000000 z29¡16999622839664640000 z27+707798364232826880 z25¡
10274513537433600 z23+67646908792320 z21¡224974464000 z19+387616320 z17¡326400 z15+105 z13)D14+
(5937542544181248000000 z28¡1551046657578762240000 z26+59789931630571929600 z24¡798278106947641344 z22+
4796169345443840 z20¡14416495588352 z18+ 22181540160 z16¡16423904 z14+4550 z12)D13+(334481563322210304000000 z27¡
81131900756901396480000 z25+2886264219850496409600 z23¡35303727569401454592 z21+192591205900620800 z19¡
519787439069184 z17+707833651200 z15¡454991264 z13+106470 z11)D12+(12041336279599570944000000 z26¡
2704250458682470563840000 z24+88474218684064461619200 z22¡987113006841956179968 z20+4862067116732345856 z18¡
11694546001056256 z16+13948983786816 z14¡7666274304 z12+1479478 z10)D11+(291400337966309616844800000 z25¡
60403894924097334804480000 z23+1810516178566181073715200 z21¡18336647935059261603840 z19+81033820655292578304 z17¡
172214449187123200 z15+ 177735512066112 z13¡81994323840 z11+12662650 z9)D10+(4856672299438493614080000000 z24¡
926086890189285634867200000 z22+25324208695139969934950400 z20¡231569354145921664204800 z18+911597715337047246336 z16¡
1694812596013786624 z14+ 1491624282894720 z12¡564676102848 z10+67128490 z8)D9+(56198636607788283248640000000 z23¡
9821600336936930947891200000 z21+243895079188460801654784000 z19¡2001474041629081060638720 z17+
6961148053301631762432 z15¡11190413197947013632 z13+ 8252818589658240 z11¡2491958589120 z9+216627840 z7)D8+
(449589092862306265989120000000 z22¡71725429608240620136038400000 z20+1609161818725523357171712000 z18¡
11770087561727055499100160 z16+35825937728946311725056 z14¡49112927471281826304 z12+29704887544668864 z10¡689824676\
6112 z8+408741333 z6)D7+(2447762838917000781496320000000 z21¡354907365563571111670579200000 z19+
7152475405487676025208832000 z17¡46268511513163153122263040 z15+121891943669163953209344 z13¡
140140992502944986112 z11+67667087104034880 z9¡11517430544256 z7+420693273 z5)D6+8811946220101202813386752000000 z20¡
1155571219953730314672537600000 z18+20785112953613635862082355200 z16¡117852071549595952781721600 z14+
265216641208694799482880 z12¡250559836896574725120 z10+93303962552021952 z8¡10897207743264 z6+210766920 z4)D5+
(20027150500230006394060800000000 z19¡2362573936582134301458432000000 z17+37651520030507075820847104000 z15¡
185180175371863397892096000 z13+350420651229762451537920 z11¡265169341550020423680 z9+72752913986864640 z7¡
5304232959840 z5+42355950 z3)D4+(26702867333640008525414400000000 z18¡2816819552897219199762432000000 z16+
39443088818742150876364800000 z14¡166217350344029675008819200 z12+259441279222310968688640 z10¡
152179348773380567040 z8+28891552538695680 z6¡1138125841504 z4+ 2375101 z2)D3+(18486600461750775132979200000000 z17¡
1732080379790685408067584000000 z15+21106053778472440493506560000 z13¡75098351566004361206169600 z11+
94387689349096767160320 z9¡41091696296267489280 z7+4930837635294720 z5¡82548913344 z3+16383 z)D2+
(5281885846214507180851200000000 z16¡436217453243899431616512000000 z14+ 4573788149507776189562880000 z12¡
13497729262079414265446400 z10+13245706827488316948480 z8¡4031063063164477440 z6+ 265858264373760 z4¡1204325184 z2+
1)D+352125723080967145390080000000 z15¡25412342171473281024000000000 z13+226231973017884794290176000 z11¡
541574695562332078080000 z9+398335457415580876800 z7¡77667722566041600 z5+ 2222757642240 z3¡983040 z)

data courtesy of Bruno Salvy

sage: from ore_algebra.examples import polya
sage: 1 - 1/polya.dop[15].numerical_solution([0]*14+[1], [0, 1/(2*15)], 1e-50).real()
[0.0358696231253565142294042708 +/- 2.07e-29]



9Compacted Binary Trees [Genitrini, Gittenberger, Kauers, Wallner 2020]

Theorem 8.6 (Differential operators). Let (Mk)k≥0 be the family of differential operators

given by

M0 = (1 − z)D − 1,

M1 = (1 − 2z)D2 − (3 − z)D,

Mk = Mk−1 · D − Mk−2 ·
(

D2 · z − zD
)

, k ≥ 2.

Then the exponential generating function Ck(z) of compacted binary trees with right height at

most k satisfies

Mk · Ck = 0.

sage: from ore_algebra.examples import cbt
sage: cbt.dop[5]
(-4*z^3 + 10*z^2 - 6*z + 1)*Dz^6 + (9*z^3 - 58*z^2 + 75*z - 21)*Dz^5
+ (-6*z^3 + 78*z^2 - 184*z + 95)*Dz^4 + (z^3 - 33*z^2 + 141*z - 110)*Dz^3
+ (3*z^2 - 32*z + 40)*Dz^2 + (z - 3)*Dz



10Asymptotics

Theorem 3.4 (Asymptotics of compacted trees with bounded right height). The number

ck,n of compacted trees with right height at most k is for n → ∞ asymptotically equivalent to

ck,n ∼ κkn!

(

4 cos

(

π

k + 3

))n

n
− k

2
− 1

k+3
−( 1

4
− 1

k+3 ) 1

cos2( π

k+3 ) ,

where κk ∈ R is independent of n.

[Genitrini, Gittenberger, Kauers, Wallner 2020]

Asymptotic expansion + rigorous enclosure of �k + error bound � all automatic:

sage: ini = list(cbt.egf[:6]); ini
[1, 1, 3/2, 5/2, 37/8, 373/40]
sage: bound_coefficients(cbt.dop[5], ini, 'n', 1, 30, n0=100)
1.00000000*3.414213562373095?^n*(
([1.624857 +/- 1.35e-7] + [+/- 1.01e-7]*I)*n^(-2.771446609406727?)
+ B([62.8523859 +/- 3.82e-8]*n^(-3.771446609406727?), n >= 100))

[Dong, Melczer, M., 2024]



11Irrationality of �(3)

[Apéry 1979]
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11Irrationality of �(3)

[Apéry 1979]

[van der Poorten 1979]

sage: dop = (Dx*((x^4 - 34*x^3 + x^2)*Dx^3 +
....: (6*x^3 - 153*x^2 + 3*x)*Dx^2 +
....: (7*x^2 - 112*x + 1)*Dx + (x - 5))
sage: lam = QQbar(17+12*sqrt(2))
sage: mat = dop.numerical_transition_matrix([0, 1/lam], 1e-30)
sage: 6*mat[1,3]/(mat[1,2] + 5*mat[1,3])
[1.20205690315959428539973816151 +/- 2.05e-30] + [+/- 2.59e-42]*I
sage: RealBallField(100)(3).zeta()
[1.20205690315959428539973816151 +/- 2.71e-30]



12Periods of Algebraic Varieties

� Computation based on
Picard-Fuchs di�erential equations
with polynomial coe�cients

� E.g., follow a basis of solutions along
loops in C

� Used to reconstruct exact geometric data
(homology...)

[Chudnovsky, Chudnovsky, 1990;
Sertöz, 2018;
Lairez, Sertöz, 2019, 2020;
Lairez, Pichon-Pharabod, Vanhove, 2024; .. .]

) dy

γ

b

ℓ

γ′ = ℓ*γ
τγ′ 

ℙ
1

γ

This description of cycles is well-suited 

 does not have boundary


iff , that is 


iff 

τ

γ = γ′ 

γ ∈ ker ℓ* − id


, 0 )

(γ)
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13Equations can get large
dop.txt Sat Mar 08 11:39:07 2025 1

(-22814578100266407769512466705019982985827186589155687578401932969241656625372741812139617

1149024298973608567917494432930028081354347627883930042274103961637045269057530244368507943

8208471626634978858637905549117031125414426256763039958877075669919504387900506171195988810

1772464159245958015016009015949281196783178817608071141248825843558588767249372686850968925

2159453316204546766811585225332302219533246073119093011357345520991310669682737837068535092

6683141747143929181171943824861906236132016012098944956751692878032439374290865638390079806

7866181926005829769724053656916250934934274564334268271156462610321994048982014303327085099

3650590556364824843830124319612255636803437850297346590327468464739995122705240792366364936

4723199208650278260186884226907237275938401037263028074896203744147871126084958746368256931

2657811424575504766926251611423866349535962397858139698182372981164743948594822852444233460

9030770065847442764241009486814132780716244022789837643326157575840469595792437036846176580

0921143561481106343881611810016722724675307957272858897525956059143041250533446216485123330

8231679238595500694733121866394935702811136528589058335324074340157529217697295497514184581

681959725443719213562412109375*t^210 - 2597374268686562697742652479897987401384602707209735

3253437095344760401102455258671026804787956175626003296141511290332306186957346187445435468

1060030948213402946688158774311716224095258575430462524566520912234800739226997052648940998

0318080762405582679149200203741467575683843205667707871654409347459461770473757476252296052

2946873233580871140134176318952842364623778965205611454269292573508919552125197266641118703

4683783139240412925053737807256378209543330348497018970316051194385363092065922000065260361

8972761848353119508431571560516121167404297118030710943351046095799464684677389173538528850

7744308601181820053908808620156302088037954886965163370554573396548450694108622190594800792

4979899314300856763362197672232410303111572199483924287266225472282209192191980791731866902

0583113127114993576664521087379649302489443070606545164517579837490815428969877634703191930

0283669660815211065967120971117054986172889335711924261502346787268316608953153991732278262

3397022762716085372291339736333902912137638666734620602020905630184866268056127519665135817

2551066619503548756896727988313736551025339167961829922926981551346993219679837786336351255

681760919694306517533215483370223215930049277311387797210785367187500*t^209 - 1465039967491

6074666052049340442184569454686292778054823705528087108326863625892888327109803398111856099

1141077855173274155564330089057564399088089652999159761333191108596623105518449868638886025

3656052617795200060652682249006206916178889988678554931926296236716553459424276875684517713

8171192474438112865299181651149232289462409919961709475796672864917222666451791635304412916

9007542642701948856744607231730698022436345401112710387001340108952279127723924255109639003

4556833652098268606375526248194489986360986444780365077547527116103271826550177814518404258

1455519478800104078662970511521426678311906979551617150509744323671495534647873237247213068

6206819781535144896006399782758900015840391407401448134371302259212075872152572435450751991

7424973099341209203035912311071095955130946985618747145609806631104106096115863915812820721

3506338090571421081090375311495338692129472577780263055345233906679202440589568068534933491

7900529584482443474817558736874084117530162941920675101957638416528158787525955958320752830

2228456117217217931070320276956136396303063953969637047455456958468423574307464463595568780

4230932103127693204467191394390833435077602886288200302388563479758016350777590530275483992

8941437104188671875*t^208 - 545860960164490309395150446596172953614270269481851376377815195

8596753087624056358832312722765141300895137116037217250760664057157871105821533566368889102

8819876701446580186682354737803492829494827982391370852946716609861738018001944052523159260

0114700922926625920433655393182839498840551924058262369218368738855212373803392283624768190

7735313904682935484339245606392184267135241830456236717261801900046781282089312395677742843

5279401657074476879110454627304589162298999050595689005071790200547046827550317597264438549

6974242564156495307765606698953120921611827310230281705404976480198206697446897644521768765

3026982272676802977335631625407198645781123656185423396457005040771508241009938430324803269

4857374995546444361360238819902432402631497169099588681400116194150052562878909535030739830

0396282428601210851249438787800879937650836737416194877420152755350325081088490597737311189

5993209303219394228427859959137847762254384624855102858735132966018975468103496812610844755

7313258812967884588641762767510365554699342908912408869708810662964582327733123634239168809
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8819876701446580186682354737803492829494827982391370852946716609861738018001944052523159260

0114700922926625920433655393182839498840551924058262369218368738855212373803392283624768190

7735313904682935484339245606392184267135241830456236717261801900046781282089312395677742843

5279401657074476879110454627304589162298999050595689005071790200547046827550317597264438549

6974242564156495307765606698953120921611827310230281705404976480198206697446897644521768765

3026982272676802977335631625407198645781123656185423396457005040771508241009938430324803269

4857374995546444361360238819902432402631497169099588681400116194150052562878909535030739830

0396282428601210851249438787800879937650836737416194877420152755350325081088490597737311189

5993209303219394228427859959137847762254384624855102858735132966018975468103496812610844755

7313258812967884588641762767510365554699342908912408869708810662964582327733123634239168809

9958315500823127238798693635517915726203977830588844560785312733158289920745196284125608986

0077214639187816491516273374600532493376618398368358839687500*t^207 - 151133874573858540055

6529910694491561539431480663319820117686887202757988422263889577787552416563205556470680220

5853737496355467581603947160589201382462461892884081859860232071504320320951555644978901290

3917737525895771462566559694782853661837732178196998681775979458422554764258390700268492633

0124647504732686730776541638525258837578285461423719586177231618576121619802693128613501798

2068338515579212228989927663134896435994669334234780261900639810688365138929398529002556984

9875863617309187976668880725780605690474939862241394466332861895231098578998002466127842525

2312421229416253628964597190669240190217389938458330355020613121048952037452130674244540112

4450027159421383457678364551027589877974414942890940586177820679112264828388976793249075630

4395597152700110778694610787944337571604840780266689985782546914257271383799288727090695694

0506486420469382010826149263535079227591147779317067761365271072813766122039720151551617874

5576679285076855029204202707094958951554498701807968597650376204780179871502981955741854451

3415622433119427038815024356947142843605532479183713488583244889178289008117994470752104472

9753275059559701137047461294917887595706113665699930135570668828599686413727405285120246705

60254419828125*t^206 - 33165408349750617022291975877146293466956801282739485199519322500710

dop.txt Sat Mar 08 11:39:07 2025 1

(-22814578100266407769512466705019982985827186589155687578401932969241656625372741812139617

1149024298973608567917494432930028081354347627883930042274103961637045269057530244368507943

8208471626634978858637905549117031125414426256763039958877075669919504387900506171195988810

1772464159245958015016009015949281196783178817608071141248825843558588767249372686850968925

2159453316204546766811585225332302219533246073119093011357345520991310669682737837068535092

6683141747143929181171943824861906236132016012098944956751692878032439374290865638390079806

7866181926005829769724053656916250934934274564334268271156462610321994048982014303327085099

3650590556364824843830124319612255636803437850297346590327468464739995122705240792366364936

4723199208650278260186884226907237275938401037263028074896203744147871126084958746368256931

2657811424575504766926251611423866349535962397858139698182372981164743948594822852444233460

9030770065847442764241009486814132780716244022789837643326157575840469595792437036846176580

0921143561481106343881611810016722724675307957272858897525956059143041250533446216485123330

8231679238595500694733121866394935702811136528589058335324074340157529217697295497514184581

681959725443719213562412109375*t^210 - 2597374268686562697742652479897987401384602707209735

3253437095344760401102455258671026804787956175626003296141511290332306186957346187445435468

1060030948213402946688158774311716224095258575430462524566520912234800739226997052648940998

0318080762405582679149200203741467575683843205667707871654409347459461770473757476252296052

2946873233580871140134176318952842364623778965205611454269292573508919552125197266641118703

4683783139240412925053737807256378209543330348497018970316051194385363092065922000065260361

8972761848353119508431571560516121167404297118030710943351046095799464684677389173538528850

7744308601181820053908808620156302088037954886965163370554573396548450694108622190594800792

4979899314300856763362197672232410303111572199483924287266225472282209192191980791731866902

0583113127114993576664521087379649302489443070606545164517579837490815428969877634703191930

0283669660815211065967120971117054986172889335711924261502346787268316608953153991732278262

3397022762716085372291339736333902912137638666734620602020905630184866268056127519665135817

2551066619503548756896727988313736551025339167961829922926981551346993219679837786336351255

681760919694306517533215483370223215930049277311387797210785367187500*t^209 - 1465039967491
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dop.txt Sat Mar 08 11:39:07 2025 293
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4304453508372455686541348600597311638660930845972471657166020962853620208055046929748943248

10164560186907422034644845510307691452586862828381001965412822164114622979265003520*t^2 - 2

0762911709311458739627777054494720252884139450459916523183497831851828377821018084575635874
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9735210151984281270171751910223603889159907051176733021111506994498502615672690762192093040

1409966146081833624226068117078623589322626120703188635224064133291011231895034072421854641

5106853620111939089537626466092325755953317837398946553118775472556823924142834527891986616

643782006516692683112049921061350108337775757117719775640253244950354088437317894144)*Dt



15Volumes of Semi-Algebraic Sets [Lairez, M., Safey El Din, 2019]

For a compact s.a. set:

� The�slicevolume� function satisfies aPicard-
Fuchs equation

� Except at critical values of the projection,
it is analytic

Compute initial values by recursive calls,
integrate the equation

···· slice #2: ρ = 10866099/4849664
····· slice length = [3.95699242690042041342397892533404623584614411033674866606926914003 +/- 5.52e-66]
···· integrating PF equation over [1.010906176264399?, 2.989093823735602?]...
···· ...piece volume = [8.1084458716614722013317884330079153901325376090443193970231734 +/- 8.50e-62]
··· slice volume = [24.85863912287043868696646961582254943981378134071631307423220 +/- 5.78e-60]
·· integrating PF equation over [-1, 1]...
·· ...piece volume = [39.478417604357434475337963999504604541254797628963162506 +/- 6.38e-55]
[39.478417604357434475337963999504604541254797628963162506 +/- 6.38e-55]



16Symbolic solutions [van der Hoeven, 2007; Chyzak, Goyer, M., 2022]

Reconstruct factorization of a di�erential operator from a basis of numerical solutions

sage: dop = (768*x^18 - 13824*x^17 + 112896*x^16 - 552960*x^15 + 1808640*x^14 - 4161024*x^13 + 6903552*x^12
- 8322048*x^11 + 7234560*x^10 - 4423680*x^9 + 1806336*x^8 - 442368*x^7 + 49152*x^6)*Dx^6 + (-76032*x^17 +
1279488*x^16 - 9763584*x^15 + 44682240*x^14 - 136631040*x^13 + 294237696*x^12 - 457868544*x^11 + 519124992*x^10
- 425948160*x^9 + 246865920*x^8 - 96006144*x^7 + 22511616*x^6 - 2408448*x^5)*Dx^5 + (2962944*x^16 -
45959360*x^15 + 323956800*x^14 - 1374850304*x^13 + 3921581184*x^12 - 7939259072*x^11 + 11723587392*x^10 -
12744194944*x^9 + 10130443776*x^8 - 5741996032*x^7 + 2200396800*x^6 - 510883840*x^5 + 54214656*x^4)*Dx^4 +
(-54535680*x^15 + 764912128*x^14 - 4916996224*x^13 + 19281508096*x^12 - 51702820352*x^11 + 100365985024*x^10
- 144942728064*x^9 + 156742564352*x^8 - 125508995072*x^7 + 72192137216*x^6 - 28154152960*x^5 + 6648872960*x^4
- 715751424*x^3)*Dx^3 + (405844992*x^14 - 5092110976*x^13 + 30303194448*x^12 - 114462393664*x^11
+ 306626051808*x^10 - 610586454848*x^9 + 918179036112*x^8 - 1040458705280*x^7 + 874119303552*x^6 -
526676536832*x^5 + 214313360640*x^4 - 52485566464*x^3 + 5814976512*x^2)*Dx^2 + (477398016*x^13 -
1428000768*x^12 - 25960369072*x^11 + 220548962784*x^10 - 831430058816*x^9 + 1944753068704*x^8 -
3176580284176*x^7 + 3812803669504*x^6 - 3386130527616*x^5 + 2160307930624*x^4 - 928232421632*x^3 +
238279360512*x^2 - 27408728064*x)*Dx - 15797846016*x^12 + 97889810688*x^11 - 187457537408*x^10 -64013239764*x^9
+ 1021695132036*x^8 - 2748033509204*x^7 + 4844154274236*x^6 - 6210610474824*x^5 + 5833453259
sage: dop.factor()
[(768*x^6 - 4608*x^5 + 9984*x^4 - 9216*x^3 + 3072*x^2)*Dx^2 + (-33024*x^5 + 172032*x^4 - 323328*x^3 +
261120*x^2 - 76800*x)*Dx + 122880*x^4 - 853568*x^3 + 2044608*x^2 - 1782400*x + 470016,
(x^6 - 6*x^5 + 13*x^4 - 12*x^3 + 4*x^2)*Dx^2 + (-46*x^5 + 217*x^4 - 365*x^3 + 266*x^2 - 72*x)*Dx + 496*x^4 -

5223/4*x^3 + 5305/4*x^2 - 2127/2*x + 352,
(x^6 - 6*x^5 + 13*x^4 - 12*x^3 + 4*x^2)*Dx^2 + (-46*x^5 + 217*x^4 - 365*x^3 + 266*x^2 - 72*x)*Dx + 496*x^4 -

5223/4*x^3 + 5305/4*x^2 - 2127/2*x + 352]

code by Alexandre Goyer



17Existence of solutions [Cauchy, �1839]

Theorem. Let �1; : : : ; �r be analytic functions fjxj<�g!C.

For any choice of y(0); : : : ; y(r¡1)(0)2C, the di�erential equation

y(r)(x)+�r¡1(x)y(r¡1)(x)+ � � �+�0(x)y(x)= 0

has a unique analytic solution y: fjxj<�g!C.

basis of
solutions

8>>>>>><>>>>>>:
f0(x) = 1+0 x+ � � �+0 xr¡1+� xr+ � � �
f1(x) = 0+1 x+ � � �+0 xr¡1+� xr+ � � �

���
fr¡1(x) = 0+0 x+ � � �+1 xr¡1+� xr+ � � �

fundamental matrix:

F(x)=

0BBBBBBBBBBBB@
f0(x) : : : fr¡1(x)
f0
0 (x) fr¡1

0 (x)
��� ���

f0
(r¡1)(x)
(r¡ 1)! � � � fr¡1

(r¡1)(x)
(r¡ 1)!

1CCCCCCCCCCCCA
Proof sketch. 1. Indeterminate coe�cients) formal solution ŷ2C[[x]].

2. The formal series ŷ converges for jzj<�. �
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18Singular points

Corollary. For an equation

ar(x)y(r)(x)+ � � �+a0(x)y(x)= 0

with polynomial coe�cients:

� whenever ar(x0)=/ 0, there is a full basis of
analytic solutions around x0,

� their Taylor expansions converge at least up
to the closest root of ar,

� the only place a solution can become singular
is at a root of ar.

ar(0)=/ 0

ar(�)= 0

De�nition. The zeroes of the leading coe�cient arare called the singular points of the
equation.
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20The complex logarithm xy00(x)+y0(x)= 0

log: !

� ei� 7! log�+ i � ¡�<�6�

log: !



21Connection matrices (x2+1)y00(x)+ 2 xy0(x)= 0

Connection de�ned along a path considered up to homotopy (or given �xed branch cuts)
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22Connection matrices, more explicitly

26666666666664
y(x1)
y0(x1)
���

y(r¡1)(x1)
(r¡ 1)!

37777777777775=
26666666666664

f0(x1) � � � fr¡1(x1)
f0
0 (x1) fr¡1

0 (x1)
��� ���

f0
(r¡1)(x1)
(r¡ 1)! � � � fr¡1

(r¡1)(x1)
(r¡ 1)!

37777777777775
|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

=F(x1)

26666666666664
y(x0)
y0(x0)
���

y(r¡1)(x0)
(r¡ 1)!

37777777777775

8>>>>>><>>>>>>:
f0(x0+ t) = 1+0 t+ � � �+0 tr¡1+� tr+ � � �
f1(x0+ t) = 0+1 t+ � � �+0 tr¡1+� tr+ � � �

���
fr¡1(x0+ t) = 0+0 t+ � � �+1 tr¡1+� tr+ � � �
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23Initial conditions at singular points x y00(x)+y0(x)+y(x)= 0 (Bessel0)

����������f0(x)= 1 � log(x)+ 0 � 1+O~ (x)
f1(x)= 0 � log(x)+ 1 � 1+O~ (x)
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y(�)= ?
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24Singular connection matrices

������������
f0(x)
f1(x)
���

2664 �0�1
���

3775=
2664 � � � � �
� �
��� �� �

3775
2664 �0�1
���

3775

y=�0 f0+�1 f1+ � � �

������������
g0(x)
g1(x)
���

y=�0g0+�1g1+ � � �



25Summary

Problem. Given

� a di�erential operator L=ar(x)Dr+ � � �+a0(x) with ai2C[x],

� a path in Cnfsingular pointsg but possibly joining singular points,

� a working precision p,

compute a p-bit numerical approximation of the corresponding connection matrix.



2 Integration Methods



27The Runge-Kutta method

y0(x)=�(x; y(x)) for very general�
possibly given by code

� solution values on a dense grid
() everywhere by low-degree interpolation)

� decrease step size to increase accuracy

� typical accuracy: �10¡3 to 10¡6

Algorithm. RK4 step for y0(x)=a(x)y(x)

1. �1 :=a(x)

2. �2 :=a
¡
x+

h

2

�¡
1+�1

h

2

�
3. �3 :=a

¡
x+

h

2

�¡
1+�2

h

2

�
4. �4 :=a(x+h) (1+�3h)

5. yn+1 :=
�
1+

�1+2�2+2�3+�4
6

h

��
1+

�1+2�2+2�3+�4
6

h

�
yn

Cost: 2+o(1) eval + O(1) add/mul

Mock theorem. For a �xed � satisfying a suitable Lipschitz condition and a �xed
interval [x0; xN], the solution (y~n)n=0N computed by RK4 on a grid (xn)n=0N of max
step6h satis�es

max
n
jy~n¡y(xn)j=O(h4) as h! 0:

y(x+h) = y(x)+y0(x)h+y00(x)
h2

2
+ � � �

=

�
1+a(x)h+(a0(x)+a(x)2)

h2

2
+ � � �

�
y(x)

y(x+h)=
yn+1
yn

y(x)+O(h5)
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28Taylor methods y0(x)=�(x; y(x))

Alternative to RK4 with similar convergence:

y(x+h)�y(x)+y0(x)
"
h+ � � �+y(4)(x)

"
expressible in terms of y(x) using partial derivatives of�

h4

4!

(�4th order Taylor method�) more complex and costly
arbitrary order

Error �hp means 2�/p steps for accuracy 2¡�

To keep #steps polynomial, need p��
Variable order

crucial for arbitrary precision

(There are other numerical methods that can reach arbitrary order!)
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29Order-adaptive, large-step Taylor

y(0)
y0(0)
���

y(r¡1)(0)

� Locally, the solutions are given by convergent power series

� Sum the series numerically to get �initial values� at a new point

(This is just analytic continuation à la Weierstraÿ.)
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y(x1)=
X
n=1

N¡1

yn(x1¡ x0)n

y0(x1)= � � �
���
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29Order-adaptive, large-step Taylor

y(�)
y0(�)
���

y(r¡1)(�)

� Locally, the solutions are given by convergent power series

� Sum the series numerically to get �initial values� at a new point

(This is just analytic continuation à la Weierstraÿ.)



30Speed of convergence and step size
Want: X

n=0

1

ynx
n=

X
n=0

N¡1

ynx
n+

X
n=N

1

ynx
n

||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
j�j."=2¡p

If the radius of convergence is>�, then jyn�nj6 1 for large n, so forN� 0����������X
n=N

1
ynx

n

���������� 6
X
n=N

1
jyn�nj

��������x�
��������n 6

X
n=0

1 ��������x�
��������n 6

��������x�
��������N 1

1¡ jx/�j :

In particular,

����������X
n=N

1

ynx
n

����������6 2¡N+1 when jxj6 �/2.

Asymptotically, we can make steps of size
(�) regardless of p by taking N=O(p).
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31Linear case ar(x)y(r)(x)+ � � �+a1(x)y0(x)+a0(x)y(x)= 0

y(0)
y0(0)
���

y(r¡1)(0)

y(�)= ?

When computing a full basis: steps are independent
easy error propagation
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32Path optimization �= singular points



33Two-point variant

Evaluate the same series at two points, invert one of the connection matrices

Alternate expansion points � and evaluation points �
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[corrupted slide deleted]



35Recurrences

Lemma. Any di�erential operator

ar(x)Dr+ � � �+a1(x)D+a0(x); ai2K[x]

can be rewritten in terms of �= xD as

xv [�r(x)�r+ � � �+�1(x) �+�0(x)]; �i2K[x]; v2Z:

order r
degree �

order r
degree d6 �+ r

Proposition. The series y2K((x))y2K((x)) is solution to

L(x; �) �y=0

if and only if the sequence (yn)n2Zn2Z is solution to

L(S¡1; n) � (yn)= 0:

order r
degree d6 �+ r

order d
degree r

S¡1: (un)n2Z 7! (un¡1)n2Z

Proof. One has x �
X

ynx
n=

X
yn¡1 x

n and � �
X

ynx
n=

X
nynx

n. �
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36Summary

Mock algorithm. Generic Taylor method for polynomial coe�cients

Input: di�. op. L, path x0! xfin, tolerance " Output: connection matrix x0! xfin
1. Deform the path to stay away from the singular points

2. For n=0; 1; : : : until xn= xfin

a. Select xn+1 on the path at distance� 1

2
d(xn; singular points)

b. Change x to xn+� in L

c. For f2fcanonical basis at xng and 06 i < r,
compute f(i)(x1¡ x0) using a partial sum of its series expansion s.t. tail. "
If convergence is too slow or numerical issues, retry with xn+1 closer to xn.

3. Return �n � � ��1�0



3 Regular Singular Points



38Solutions at singular points

x�
¡
f0(x)+ f1(x) log x+ � � �+ fK(x) log(x)K

�

Examples.

L=�2¡ 2= x2D2+ xD¡ 1 y(x)=�x 2
p
+�x¡ 2

p

L=�2= x2D2+ xD y(x)=�+� log(x) regular
L=2 (x¡ 1) xD+(x+1) y(x)= x1/2 (1+ x+ x2+ � � �)

L= x2D¡ 1 y(x)= exp(¡1/x) irregular
L= x2D2+(3 x¡ 1)D+1 y(x)=

X
n

n! xn (formally)
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39The indicial polynomial y(x)= x�
¡
f0(x)+ � � �+ fK(x) logK(x)

�
Write the recurrence on (yn) n2Z in the form

q0(n)yn+q1(n)yn¡1+ � � �+qs(n)yn¡s=0:

De�nition. The polynomial q0 is called the indicial polynomial of L at 0.
The polynomial obtained in the same way after x �+ x is called the indicial polynomial at �.

� The valuation of any Laurent series solution must be a root of q0.
If there is no larger integer root, the recurrence de�nes a formal series solution.

� When q0(�)= 0 for some �2/ Z, look for solutions x�f(x) with f(x)2C[[x]].
The recurrence remains valid.

� In the presence of integer root di�erences,
consider solutions x�

¡
f0(x)+ f1(x) log x+ � � �+ fr¡1(x) log(x)r¡1

�
.

This results in degq0 linearly independent solutions.
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40Regular singular points L=ar(x)Dr+ � � �+a0(x) [Fuchs, 1866]

De�nition. A singular point where the indicial polynomial has degree r (=eq. order)
is called a regular singular point.

Theorem. A point �2C is a regular singular point of L
i� every solution y of L(y)= 0 satis�es, for some c2Z,

y(x)=O(jx¡�j¡c) as x! �:

Theorem. Suppose that 0 is a regular singular point of L.

� L admits r linearly independent formal solutions of the form

x�
¡
f0(x)+ f1(x) log x+ � � �+ fK(x) log(x)K

�
; fk2K(�)[[x]];

with K<r and � among the roots of the indicial polynomial.

� The fk converge in a disk extending at least to the closest other singular point.
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42Recurrences at regular singular points [�He�ter 1890]

Proposition. Let �= xD. The seriesX
�2�+Z

X
k=0

1
y�;kx

� log(x)k

k!
(�2C)

is solution to [�:y(x) 7! x y0(x)]

L(x; �) �y=0

if and only if the sequence (y�;k)�2�+Z
k2N

is solution to

L(S�
¡1; �+Sk) � (yn;k)= 0:

Here S�
¡1: (u�;k) 7! (u�¡1;k)
Sk: (u�;k) 7! (u�;k+1):

Proof. Same as before (look at the action of x and � on x� log(x)k/k!). �



43Recurrences and the shape of solutions

y(x)=
X
�;k

y�;kx
� log(x)k

k!
q0(�)= (�¡ �) (�¡ �¡ 2) (�¡ �¡ 5) (� � � )

"
no roots in �+Z

� �

k

�+2 �+5

∗

∗

∗

n

k
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44The echelonized basis

y(x)=
X
�;k

y�;kx
� log(x)k

k!

� �

k

�+2 �+5

y0(x)= x�+ � � �

Echelonized basis of solutions:

�initial conditions�=y�;k where � root of q0 and k<mult(�)
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44The echelonized basis

y(x)=
X
�;k

y�;kx
� log(x)k

k!

� �

k

�+2 �+5

y0(x)= x�+ � � �

y1(x)= x�+2 log(x)+ � � �

y2(x)= x�+2+ � � �

y3(x)= x�+5+ � � �

Echelonized basis of solutions:

�initial conditions�=y�;k where � root of q0 and k<mult(�)



45Redundancies and the Frobenius basis

Proposition. IfX
�

X
k>0

y�;kx
� log(x)k

k!

is a solution, thenX
�

X
k>0

y�; k+1 x
� log(x)k

k!

too.
� �

k

�+2 �+5

Frobenius basis: y0(x) = f0(x) fi2 z�C[[x]]
y1(x) = f0(x) log(x) + f1(x)
y2(x) = f0(x) log(x)2+2 f1(x) log(x)+ f2(x)

���
Consequence: �On average� only one row, like for plain series
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46Connection to a regular singular point

To go �into� a regular singular point,

� evaluate a basis of solutions (+ derivatives) at a point � nearby,

� invert the resulting connection matrix
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48Recap

Di�erential equations with polynomial coe�cients

ar(x)y(r)(x)+ar¡1(x)y(r¡1)(x)+ � � �+a0(x)y(x)= 0; ai2C[x]

Connection problem

y=
X

�ifi
"

basis at �0

=
X
i

�ifj
"
basis at �1

Y(�1)=�Y(�0)

Taylor method, large steps

Y(xn)=�n¡1 � � � �1�0 Y(x0)

Singular points

� Regular: minor technicalities

� Irregular: genuine new phenomena

Local problemX
n=0

1

�
"

local basis, derivatives () redundancies)

(xi+1¡ xi)n



49The local problem

y(�)=
X
k=0

K¡1 X
n=0

1
yn;j�

�+n logk�
k!

where [�r(x) �r+ � � �+�1(x) �+�0(x)] �y(x)= 0

�= x d
dx

Good primitive in practice:

� several solutions with the same �

� possibly with logs (no need for special-casing ordinary points)

� several derivatives

� at several points

We will focus on �=0 and K=1 for simplicity (� everything generalizes)



50Outline

1. Solutions

2. Integration Methods

3. Singular Points

4. Low Precision

5. High Precision

6. Error Bounds



4 Low precision



52�Low� precision? �r(x) �r+ � � �+�1(x)�+�0(x)

� Low compared to the size of the �i r� order
d� degree
h� integer height
p� precision (bits)

say p.h
�
d

r

�!
.

This can mean p� 10000.

� I.e.: Regime where algorithms of cost O(pMZ(p)) make sense.

computing the sum � computing the series coe�cients

complexity model: operations in C

(No chance of reaching o(p2) while computing all coe�cients!)

� True low precision (p. 100): techniques closer to numerical analysis
+ low-level tricks

!= complexity exponent of linear algebra MZ(n)= cost of integer multiplication
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53Direct recurrence unrolling q0(n)yn+ � � �+qd(n)yn+d=0

Algorithm.

For n= r; r+1; : : : ; N¡ 1
�0 q0(n) ; : : : ; �d qd(n) O(d r)

yn :=¡�0¡1 (�1yn¡1+ � � �+�dyn¡d) O(d)

r � order (di�)
degree (rec)

d � degree (di�)
order (rec)

naively fast extrapolation

Cost for one solution: O(d rN) ops O(d�(r)N) ops �(r)=M(r)
r

r solutions: O(d rN) ops
[Shoup, 1991;Gerhard, 2000; Bostan, Schost, 2005;

Bostan, Gaudry, Schost, 2007]

fund. mat., � pts: idem+O(� r2N) ops

M(n)= cost of polynomial multiplication
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54Complexity results for power series coefficients
polynomial coe�cients of high degree � power series coe�cients r � order (di�)

d � degree (di�)
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BCOS³ = Bostan, Chyzak, Ollivier, Salvy, Schost, Sedoglavic; vdH = van der Hoeven
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56Complexity L(y)= 0 of order r, N terms

Algorithm. Input: L, g=¡L �y0:n+O(xn+2`), n,m Output: yn:n+2`
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(O(M(r)/r) amortized)
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O(N)

9>>=>>;O(logN)
Whole tree: O(rM(N) logN)
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O(N)

9>>>>>>=>>>>>>;O(logd)

Cost: O

�
N

d
rM(d) logd

�
With schoolbook multiplication: O(Nrd)

Naïve algorithm: O(Nrd) for r solutions
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Cost: O(rM(`))

(ynxn+ � � �+yn+`¡1x
n+`¡1)

= � xn + � � �+� xn+`¡1

+� xn+`+ � � �+� xn+2`¡1
+O(x2`)

Middle product

xn xn+` xn+2` xn+3`
x0

x`

x2`

�i

y

Cost: M(`)+O(`)
vs M(2 )̀

FFT model

� naïve 3 r transforms (of length 3 `)

�
(

reuse of DFT(�i)

sum in transformed domain
r
d

N
+ r+1 transforms

Fast algorithms

O(rM(`) log `+ r!¡1 `) for r values of y when `> r
[Bostan, Benoit, van der Hoeven, 2012; van der Hoeven, 2016]
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(
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sum in transformed domain
r
d

N
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Fast algorithms

O(rM(`) log `+ r!¡1 `) for r values of y when `> r
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` (costly) ops
depending on y

yn+`¡1

Total for r series: /node: r `2

/recursion tree: r d2

over whole algorithm: N rd ops



59Small `
�

(� � �+�0;` x`+�0;`¡1 x`¡1+ � � �+�0;1 x+�0;0)
+ (� � �+�1;` x`+�1;`¡1 x`¡1+ � � �+�1;1 x+�1;0) �
+ : : :

+ (� � �+�r;` x
`+�1;`¡1 x

`¡1+ � � �+�r;1 x+�r;0) �
r
�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

L

�

schoolbook mul: O(r `2)

(ynxn+yn+1xn+1+ � � �+yn+`¡1x
n+`¡1)

= � xn +� xn+1 + � � �+� xn+`¡1

+gn+` x
n+`+� xn+`+1+ � � �+� xn+2`¡1

+O(x2d)

xn+` x2`
x0

x`

x2`

�i

y

xn

gn+`=
¡
�0;` +�1;` n + � � �+�r;` nr

�
�yn

+
¡
�0;`¡1+�1;`¡1 (n+1) + � � �+�r;`¡1 (n+1)r

�
�yn+1

+ � � �
+
¡
�0;1 +�1;1 (n+ `¡ 1)+ � � �+�r;`¡1 (n+ `¡ 1)r

�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
r` (cheap) ops

independent of y

�
"

` (costly) ops
depending on y

yn+`¡1

Total for r series: /node: r `2

/recursion tree: r d2

over whole algorithm: N rd ops



59Small `
�

(� � �+�0;` x`+�0;`¡1 x`¡1+ � � �+�0;1 x+�0;0)
+ (� � �+�1;` x`+�1;`¡1 x`¡1+ � � �+�1;1 x+�1;0) �
+ : : :

+ (� � �+�r;` x
`+�1;`¡1 x

`¡1+ � � �+�r;1 x+�r;0) �
r
�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

L

�

schoolbook mul: O(r `2)

(ynxn+yn+1xn+1+ � � �+yn+`¡1x
n+`¡1)

= � xn +� xn+1 + � � �+� xn+`¡1

+gn+` x
n+`+� xn+`+1+ � � �+� xn+2`¡1

+O(x2d)

xn+` x2`
x0

x`

x2`

�i

y

xn

gn+`=
¡
�0;` +�1;` n + � � �+�r;` nr

�
�yn

+
¡
�0;`¡1+�1;`¡1 (n+1) + � � �+�r;`¡1 (n+1)r

�
�yn+1

+ � � �
+
¡
�0;1 +�1;1 (n+ `¡ 1)+ � � �+�r;`¡1 (n+ `¡ 1)r

�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
r` (cheap) ops

independent of y

�
"

` (costly) ops
depending on y

yn+`¡1

Total for r series: /node: r `2

/recursion tree: r d2

over whole algorithm: N rd ops



59Small `
�

(� � �+�0;` x`+�0;`¡1 x`¡1+ � � �+�0;1 x+�0;0)
+ (� � �+�1;` x`+�1;`¡1 x`¡1+ � � �+�1;1 x+�1;0) �
+ : : :

+ (� � �+�r;` x
`+�1;`¡1 x

`¡1+ � � �+�r;1 x+�r;0) �
r
�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

L

�

schoolbook mul: O(r `2)

(ynxn+yn+1xn+1+ � � �+yn+`¡1x
n+`¡1)

= � xn +� xn+1 + � � �+� xn+`¡1

+gn+` x
n+`+� xn+`+1+ � � �+� xn+2`¡1

+O(x2d)

xn+` x2`
x0

x`

x2`

�i

y

xn

gn+`=
¡
�0;` +�1;` n + � � �+�r;` nr

�
�yn

+
¡
�0;`¡1+�1;`¡1 (n+1) + � � �+�r;`¡1 (n+1)r

�
�yn+1

+ � � �
+
¡
�0;1 +�1;1 (n+ `¡ 1)+ � � �+�r;`¡1 (n+ `¡ 1)r

�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
r` (cheap) ops

independent of y

�
"

` (costly) ops
depending on y

yn+`¡1

Total for r series: /node: r `2

/recursion tree: r d2

over whole algorithm: N rd ops



59Small `
�

(� � �+�0;` x`+�0;`¡1 x`¡1+ � � �+�0;1 x+�0;0)
+ (� � �+�1;` x`+�1;`¡1 x`¡1+ � � �+�1;1 x+�1;0) �
+ : : :

+ (� � �+�r;` x
`+�1;`¡1 x

`¡1+ � � �+�r;1 x+�r;0) �
r
�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

L

�

schoolbook mul: O(r `2)

(ynxn+yn+1xn+1+ � � �+yn+`¡1x
n+`¡1)

= � xn +� xn+1 + � � �+� xn+`¡1

+gn+` x
n+`+� xn+`+1+ � � �+� xn+2`¡1

+O(x2d)

xn+` x2`
x0

x`

x2`

�i

y

xn

gn+`=
¡
�0;` +�1;` n + � � �+�r;` nr

�
�yn

+
¡
�0;`¡1+�1;`¡1 (n+1) + � � �+�r;`¡1 (n+1)r

�
�yn+1

+ � � �
+
¡
�0;1 +�1;1 (n+ `¡ 1)+ � � �+�r;`¡1 (n+ `¡ 1)r

�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
r` (cheap) ops

independent of y

�
"

` (costly) ops
depending on y

yn+`¡1

Total for r series: /node: r `2

/recursion tree: r d2

over whole algorithm: N rd ops



59Small `
�

(� � �+�0;` x`+�0;`¡1 x`¡1+ � � �+�0;1 x+�0;0)
+ (� � �+�1;` x`+�1;`¡1 x`¡1+ � � �+�1;1 x+�1;0) �
+ : : :

+ (� � �+�r;` x
`+�1;`¡1 x

`¡1+ � � �+�r;1 x+�r;0) �
r
�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

L

�

schoolbook mul: O(r `2)

(ynxn+yn+1xn+1+ � � �+yn+`¡1x
n+`¡1)

= � xn +� xn+1 + � � �+� xn+`¡1

+gn+` x
n+`+� xn+`+1+ � � �+� xn+2`¡1

+O(x2d)

xn+` x2`
x0

x`

x2`

�i

y

xn

gn+`=
¡
�0;` +�1;` n + � � �+�r;` nr

�
�yn

+
¡
�0;`¡1+�1;`¡1 (n+1) + � � �+�r;`¡1 (n+1)r

�
�yn+1

+ � � �
+
¡
�0;1 +�1;1 (n+ `¡ 1)+ � � �+�r;`¡1 (n+ `¡ 1)r

�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
r` (cheap) ops

independent of y

�
"

` (costly) ops
depending on y

yn+`¡1

Total for r series: /node: r `2

/recursion tree: r d2

over whole algorithm: N rd ops



59Small `
�

(� � �+�0;` x`+�0;`¡1 x`¡1+ � � �+�0;1 x+�0;0)
+ (� � �+�1;` x`+�1;`¡1 x`¡1+ � � �+�1;1 x+�1;0) �
+ : : :

+ (� � �+�r;` x
`+�1;`¡1 x

`¡1+ � � �+�r;1 x+�r;0) �
r
�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

L

�

schoolbook mul: O(r `2)

(ynxn+yn+1xn+1+ � � �+yn+`¡1x
n+`¡1)

= � xn +� xn+1 + � � �+� xn+`¡1

+gn+` x
n+`+� xn+`+1+ � � �+� xn+2`¡1

+O(x2d)

xn+` x2`
x0

x`

x2`

�i

y

xn

gn+`=
¡
�0;` +�1;` n + � � �+�r;` nr

�
�yn

+
¡
�0;`¡1+�1;`¡1 (n+1) + � � �+�r;`¡1 (n+1)r

�
�yn+1

+ � � �
+
¡
�0;1 +�1;1 (n+ `¡ 1)+ � � �+�r;`¡1 (n+ `¡ 1)r

�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
r` (cheap) ops

independent of y

�
"

` (costly) ops
depending on y

yn+`¡1

Total for r series: /node: r `2

/recursion tree: r d2

over whole algorithm: N rd ops



59Small `
�

(� � �+�0;` x`+�0;`¡1 x`¡1+ � � �+�0;1 x+�0;0)
+ (� � �+�1;` x`+�1;`¡1 x`¡1+ � � �+�1;1 x+�1;0) �
+ : : :

+ (� � �+�r;` x
`+�1;`¡1 x

`¡1+ � � �+�r;1 x+�r;0) �
r
�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

L

�

schoolbook mul: O(r `2)

(ynxn+yn+1xn+1+ � � �+yn+`¡1x
n+`¡1)

= � xn +� xn+1 + � � �+� xn+`¡1

+gn+` x
n+`+� xn+`+1+ � � �+� xn+2`¡1

+O(x2d)

xn+` x2`
x0

x`

x2`

�i

y

xn

gn+`=
¡
�0;` +�1;` n + � � �+�r;` nr

�
�yn

+
¡
�0;`¡1+�1;`¡1 (n+1) + � � �+�r;`¡1 (n+1)r

�
�yn+1

+ � � �
+
¡
�0;1 +�1;1 (n+ `¡ 1)+ � � �+�r;`¡1 (n+ `¡ 1)r

�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
r` (cheap) ops

independent of y

�
"

` (costly) ops
depending on y

yn+`¡1

Total for r series: /node: r `2

/recursion tree: r d2

over whole algorithm: N rd ops



59Small `
�

(� � �+�0;` x`+�0;`¡1 x`¡1+ � � �+�0;1 x+�0;0)
+ (� � �+�1;` x`+�1;`¡1 x`¡1+ � � �+�1;1 x+�1;0) �
+ : : :

+ (� � �+�r;` x
`+�1;`¡1 x

`¡1+ � � �+�r;1 x+�r;0) �
r
�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

L

�

schoolbook mul: O(r `2)

(ynxn+yn+1xn+1+ � � �+yn+`¡1x
n+`¡1)

= � xn +� xn+1 + � � �+� xn+`¡1

+gn+` x
n+`+� xn+`+1+ � � �+� xn+2`¡1

+O(x2d)

xn+` x2`
x0

x`

x2`

�i

y

xn

gn+`=
¡
�0;` +�1;` n + � � �+�r;` nr

�
�yn

+
¡
�0;`¡1+�1;`¡1 (n+1) + � � �+�r;`¡1 (n+1)r

�
�yn+1

+ � � �
+
¡
�0;1 +�1;1 (n+ `¡ 1)+ � � �+�r;`¡1 (n+ `¡ 1)r

�||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
r` (cheap) ops

independent of y

�
"

` (costly) ops
depending on y

yn+`¡1

Total for r series: /node: r `2

/recursion tree: r d2

over whole algorithm: N rd ops



60Beyond algebraic complexities
� All multiplications for computing the yn were in size r� order (di�. eq.)

d� degree
h� integer height
p� precision
N� terms (�p)

(h+O(r logN)) � p

! cost � p
MZ(h)
h

rather thanMZ(p)

� However, �(N) full-size muls yn��n for deducing the sum(s)

� E.g., with the divide-and-conquer algorithm

Nr
M(d)
d

logd �cheap� muls + Nr full-size muls|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
dominant if p�r;d;h

� ynxn=2¡
(n)! progressively decrease the working precision as n grows
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5 High Precision



62Setting

�
�r
"
(x)�r+ � � �+ �1(x)

"
now2Z[x] with coe�cients of 6h bits

�+�0
"
(x)
�
�y(x)= 0

r� order (di�. eq.)
d� degree (di�. eq.)
h� int. coe�. size
p� precision
N � terms

Want:
X
n=0

N¡1

ynx
n for some given x For simplicity: h=O(1)

Remark. General h:

O~ (d!r1/2p3/2) bits ops

using fast multipoint evaluation

(But high overhead,
poor numerical stability.)

[D. & G. Chudnovsky, 1987, 1990]

Example.

y(x)= exp(x)�
X
n=0

N¡1
1
n!

xn

Equation:
(�¡ x) �y=0

r=d=1

N�
p

logp !1
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63Exponential by rectangular splitting [Smith 1989]

X
n=0

N¡1
xn

n!
=

h
1 + x + � � � + 1

(`¡ 1)! x
`¡1

i
x0

+ 1
`!

h 1
`!
1 + 1̀!

(`+1)!
x + � � � + 1̀!

(2 `¡ 1)! x
`¡1

i
x`

+ � � �

+ 1
(`2¡ `)!

h 1
(`2¡ `)!1 + 1(`2¡ `)!

(`2¡ `+1)!
x + � � � + 1(`2¡ `)!

(`2¡ 1)! x
`¡1

i
x(`¡1)`

N= `2

Algorithm.

1. Compute x; x2; : : : ; x`¡1 and x`; x2`; : : : ; x(`¡1)` 2 ` general mul

2. Compute the inner sums: e.g., `2 scalar mul/div

1+ x+ � � �+ 1
(`¡ 1)! x

`¡1 =

�
1+

1
1

�
x+

1
2

�
x2+

1
3

�
� � �+ 1

`¡ 1 x
`¡1

����
3. Compute the outer sum as (` general+ `2 scalar)mul

[ : : : ]0 x0+
1
`!

¡
[ : : : ]1 x`+

`!
(2 `)!

(� � �+ (`2¡ 2 `)!
(`2¡ `!) [ : : : ]` x

(`¡1)`)
�
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64Rectangular splitting: comments
� Total cost

O(N1/2M(p)+Np)=O(p1/2M(p)+p2) bit ops

� Readily generalizes to hypergeometric series

y(x)=y0+y1 x+y2 x2+ � � �;
yn+1
yn

= q1(n)
q0(n)

� Partial analogue for di�erential equations [Johansson, 2014]

O

 
d!

"
p1/2M(p)+M(p1/2 logp)

p1/2 logp
p2

#!
bit ops

Also works, e.g., for
X
n

1
x (x+1) � � � (x+n)

(nowM(n)= cost of integer multiplication)



65Exponential by binary splitting [Schroeppel, ~1972; Brent, 1976]
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65Exponential by binary splitting [Schroeppel, ~1972; Brent, 1976]

Sum version: x2Z N=2 `

�N=
X
n=0

N¡1
xn

n!
=
�
1
0!
+ x
1!
+ � � �+ x`¡1

(`¡1)!

�
|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} } +

x`

`!

�
1+ x

`+1
+ � � �+ x`¡1

(`+1) � � �(2`¡1)!

�
|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }



65Exponential by binary splitting [Schroeppel, ~1972; Brent, 1976]

Sum version: x2Z N=2 `
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65Exponential by binary splitting [Schroeppel, ~1972; Brent, 1976]
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0
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0
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�
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�
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N leaves

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

O(logN)
levels

Row k from the bottom costs O
¡
2kM

¡
2k logN

��
=O

¡
M
¡
N logN

��
bit ops

Whole product tree O(M(N log2N)) bit ops (�nal division: O(M(p))



67High-precision evaluation of classical constants

Theorem. [D. & G. Chudnovsky, 1987]

1
�
= 12
c3/2

X
n=0

1

(¡1)n (6n)!
(3n)!n!3

(an+b)
c3n

;

8<:a= 545140134
b= 13591409
c= 640320

convergence: 14 decimal digits / term (!)

1 hypergeometric series, 1 square root, 1 division

cost O
¡
M(p log(p)2)

�
for p digits

AGM: O(M(p) log(p))
but higher overhead

[Salamin1976, Brent 1978]



68Binary splitting for ODEs [D. & G. Chudnovsky, 1987, 1990]

The recurrence q0(n)yn+ � � �+qd(n)yn=0 rewrites into0BBBBBBBBBB@
yn¡d+1
���

yn¡1

yn

1CCCCCCCCCCA=
0BBBBBBBBBB@

1
�� �

1

¡qd(n)
q0(n)

¡qd¡1(n)
q0(n)

¡q1(n)
q0(n)

1CCCCCCCCCCA
|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

q0(n)¡1B(n)

0BBBBBBBBBB@
yn¡d
���

yn¡2

yn¡1

1CCCCCCCCCCA

For the sums �n=
X
n=0

N¡1

ynx
n this implies

0BBBBBB@
yn¡d+1 x

n

���
ynx

n

�n

1CCCCCCA= 1
q0(n)

0BBBBBB@
0@ B(n)

1Ax 0
���
0

0 0 � � � q0(n) q0(n)

1CCCCCCA
0BBBBBB@
yn¡dx

n¡1

���
yn¡1 x

n¡1

�n¡1

1CCCCCCA
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1Ax 0
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69Binary splitting for ODEs0BBBBBB@
yn¡d+1 x

n

���
ynx

n

�n

1CCCCCCA= 1
q0(n)

0BBBBBB@
0BBBBBB@

�
�� �
�

� � � � � �

1CCCCCCAx
0
���
0

0 0 � � � q0(n) q0(n)

1CCCCCCA
|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

P(n)

0BBBBBB@
yn¡dx

n¡1

���
yn¡1 x

n¡1

�n¡1

1CCCCCCA

Algorithm.

1. Compute P(N)P(N¡ 1) � � � P(r) as a product tree

2. Apply to [0; : : : ; 0; y0 xr¡1; : : : ; yr¡1 xr¡1; �r¡1]T, take the last entry

3. Divide by q0(N) � � � q0(r) (=bottom right entry of the matrix product)

r solutions for � the price of one



70Complexity size(x)=O(1) (ok at intermediate points)
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O(rNlogN+logdlogN)

 !
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O(N) matrices

=

0BBBBBB@
0BBBBBB@

�
�� �
�

� � � � � �

1CCCCCCAx
0
���
0

0 0 � � � q0(n) q0(n)

1CCCCCCA

�=

0BBBBBB@ � xN¡r
0
���
0

� � � � � � �

1CCCCCCA
Cost for r6d=O(N):

� Leaves O(NdrM(r logN)) naïvely, actually negligible
� Top node O(d!M(rN logN))

O(d2M(rN logN)+d! rN logN) (FFT model)

O(d2M(rN logN)+d!+o(1) rN log1+o(1)N) [Harvey, van der Hoeven, 2018]

� Whole tree O((logN) � [top node])
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71Remarks

� Using unreduced fractions is crucial

(otherwise integer gcds would dominate the cost)

� But removing �easy� common factors helps

� In the top �(log logN) levels, entry sizes become>p

Switch to iterative multiplication at precision�p

(Also improves space complexity)

� More constant-factor savings in the FFT model
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(otherwise integer gcds would dominate the cost)

� But removing �easy� common factors helps

� In the top �(log logN) levels, entry sizes become>p

Switch to iterative multiplication at precision�p

(Also improves space complexity)

� More constant-factor savings in the FFT model



72Derivatives �n(x)=
X
n=0

N¡1

ynx
n

Replace x by x+ ", work modulo "r:

�n(x+ ")=�n(x)+�n0 (x) "+ � � �+
1

(r¡ 1)! �n
(r¡1)(x) "r¡1+O("r)

0BBBBBB@
0BBBBBB@

�
�� �
�

� � � � � �

1CCCCCCA(x+ ")
0
���
0

0 0 � � � q0(n) q0(n)

1CCCCCCA �=

0BBBBBB@ � (x+ ")N¡r
0
���
0

� � � � � � �

1CCCCCCA
does not depend on " (but � � � � � � does) ) constant factor (r6d)

Regular singular points

Similarly, compute modulo �(�) and SkK to handle x� and logs



73Dependency on the evaluation point

x of bit size H

r; d; h=O(1)

$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$ $
O(N(H+logN))

 !
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O(N)

M
¡
N (H+ logN)|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

size of each leaf

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz z}|{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{ {size of each row �
logN|||||||||||{z}}}}}}}}}}}
depth

= �~(p2) if N;H=�(p)



74The bit-burst method for exp(x) [Brent, 1976]

Write x = 0:�1�2�3�4�5�6�7�8�9�10�11�12�13�14�15�16�17:::

= m0+m1+m2+ � � �+mK¡1

exp(x) = exp(m0) exp(m1) � � � exp(mK¡1)

�
mk6 2¡2

k+1

mk �ts on 2k bits

K=O(logp)

For exp(mk):
M
¡
N

"
becausemk. 2¡2k:
N=O(2¡k p)

(

H6 2k
#
H+ logN)

�
logN = O

¡
M(p+2¡kp logp) logp

�
= O

¡
M(p logp+2¡kp log2p)

�
Total: X

k=0

K¡1

� � � = O

 
M

 
Kp logp+

X
k=0

K¡1
2¡kp log2p

!!
= O(M(p log2p))

FFT model:O
�
M(p log2p)
log log p

�
[van der Hoeven, Johansson, 2024]; AGM:O(M(p log p)) [Salamin 1976, Brent 1978]
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M
¡
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¡
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�
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¡
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�
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� � � = O

 
M
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X
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K¡1
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!!
= O(M(p log2p))
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�
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log log p

�
[van der Hoeven, Johansson, 2024]; AGM:O(M(p log p)) [Salamin 1976, Brent 1978]
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75The bit-burst method for ODEs [D. & G. Chudnovsky, 1987, 1990]

Write

x=0:�1�2�3�4�5�6�7�8�9�10�11�12�13�14�15�16�17: : :

Compute by binary splitting the connection matrices along the path

0:�1 ! 0:�1�2�3
! 0:�1�2�3�4�5�6�7
! 0:�1�2�3�4�5�6�7�8�9�10�11�12�13�14�15
! � � �
! x:

At the kth step: the 'local' di�erential operator involves coe�s of h=�(2k) bits
the evaluation point has size H=�(2k)
only O(2¡kp) terms are needed.

Cost�d!M(p log2p) for p bits.



76Summary

Theorem. [D. & G. Chudnovsky, 1990; van der Hoeven, 1999, 2001; M., 2010]

For a �xed di�erential equation,
a �xed path in Cnfsingular pointsg, possibly joining regular singular points,

one can compute the connection matrix with an absolute error bounded by 2¡p in

O(M(p log2p)) bit operations

� Cost for a complete fundamental matrix � cost for a single series

� Good in practice for small equations

� For d>r, the hidden dependency on d (about d2 to d!)
quickly becomes problematic.



6 Error Bounds



78Error sources

Truncation errors X
n=0

1

ynx
n�

X
n=0

N¡1

ynx
n

Error propagation (mesoscopic)

E.g., �` � � ��1�0 from approximate �i,

f0(x)+ � � �+ fK¡1(x) logK¡1(x) from
approximate fk(x) and log(x), .. .

Rounding errors (basic arithmetic)

In algorithms that work on approximate
complex numbers:

yn�¡
�
q1(n) �~ yn¡1 +~ � � �

�
/~ q0(n)

Interval (ball) arithmetic:

[m1� �1] + [m2� �2] 3 x1+ x2 for m1¡ �16 x16m1+ �1
[m1� �1]� [m2� �2] 3 x1� x2 m2¡ �26 x26m2+ �2

: : :



79Truncation errors

Problem. Bound the tail

y(�)=
X
n=0

N¡1

yn�
n

||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
known

+
X
n=N

1

yn�
n

||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
j�j6?

given the �last few� coe�cients yN¡1; yN¡2; : : : of a truncated solution.

Example. When y(x)= ex:

X
n=N

1
�n

n!
6 j�jN

N!

X
n=0

1
N!

(N+n)!
j�nj 6

�worst case� function
(indep. ofN)

#
ej�j

�rst neglected term
#
j�jN
N!

For us: 0 ordinary point (everything generalizes to regular singular points).
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80Setting
Rewrite the equation ar(x)y(r)(x)+ � � �+a0(x)y(x)= 0 as

x

26666664
y0(x)
y00(x)
���

y(r)(x)

37777775= x 1
ar(x)

26666664
ar(x)

�� �
ar(x)

¡a0(x) ¡a1(x) � � � ¡ar¡1(x)

37777775
|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

A(x)= P(x)
ar(x)

26666664
y(x)
y0(x)
���

y(r¡1)(x)

37777775
|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

Y(x)

Denote

Y(x)=
X
n=0

N¡1

Ynx
n

||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
Y~(x) (known)

+
X
n=0

1

Ynx
n

|||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
R(x)

(N> 1)

W.l.o.g., assume ar(0)= 1.
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Y~(x) (known)
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X
n=0

1

Ynx
n
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81A residual Y 0¡AY=0
A=ar

¡1P

Y=Y~ +R

Using the known Y~, compute

arx Y~ 0¡ x PY~ = Q = � xN+ � � �+� xN+d

=¡(arxR0¡ x PR)

to get an explicit equation

xR0¡ xAR=� where �=¡Q
ar
= xN�+� � �+� x

d

ar(x)
:

Orders of magnitude: Q��rst neglected terms� tail of y(x)
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82Majorants Y 0¡AY=0

xR0(x)¡ xA(x)
"

tail of Y(x)
#
R(x)=�(x)

"

Â := p̂

a�r
� P

ar

Q

ar
� q̂

a�r
:=�̂

Algorithm.

� Write ar(x)=
Y
i

�
1¡ x

�i

�
, compute ��i� j�ij with 0<��i< j�ij.

Then 1
ar
� 1
a�r

where a�r(x)=
Y
i

�
1¡ x

��i

�
.

� Compute p̂�P using the known coe�cients of P. Same for Q.

Notation. Write u� û when 8n; kunk6 ûn.

Lemma. If u� û and v� v̂ for some norm(s) s.t. kuivjk6 kuik kvjk,
then uv� û v̂.

u(x)=
P

nunx
n

û(x)=
P

n ûnx
n
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Lemma. If u� û and v� v̂ for some norm(s) s.t. kuivjk6 kuik kvjk,
then uv� û v̂.
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Â := p̂

a�r
� P

ar

Q

ar
� q̂

a�r
:=�̂

Algorithm.

� Write ar(x)=
Y
i

�
1¡ x

�i

�
, compute ��i� j�ij with 0<��i< j�ij.

Then 1
ar
� 1
a�r

where a�r(x)=
Y
i

�
1¡ x

��i

�
.

� Compute p̂�P using the known coe�cients of P. Same for Q.

Notation. Write u� û when 8n; kunk6 ûn.
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83The method of majorants [Cauchy, 1842]

We have Consider the scalar �rst-order equation

xR0(x)= xA(x)R(x)+�(x): x  ̂0(x)= x Â(x)  ̂(x)+ �̂(x):

Expanding in power series on both sides
and identifying leads to

Expanding in power series on both sides
and identifying leads to8>>>>>>>><>>>>>>>>:

YN= 1
N
�N

Yn = 1
n

 
�n+

X
i=0

n¡1¡N
AiYn¡1¡i

!
; n>N:

8>>>><>>>>:
 ̂N= �̂N

 ̂n =

 
�̂n+

X
i=0

n¡1¡N

Âi ̂n¡1¡i

!
; n>N:

By induction, kYnk6  ̂n for all n>N.

I.e.: R(x)�  ̂(x)where  ̂(x) is the solution of x  ̂0(x)= x Â(x)  ̂(x)+ �̂(x)with  ̂(0)= 0.



83The method of majorants [Cauchy, 1842]

We have Consider the scalar �rst-order equation

xR0(x)= xA(x)R(x)+�(x): x  ̂0(x)= x Â(x)  ̂(x)+ �̂(x):
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Solving the majorant equation Â= p̂

a�
�̂= q̂

a�

The equation

x  ̂0(x)= x Â(x)  ̂(x)+ �̂(x);  ̂(0)= 0

admits a unique solution

 ̂(x) = h(x)
Z
0

xt¡1 �̂(t)
h(t)

dt; h(x) = exp
Z
0

x

Â(t)dt

= h(x)
Z
0

x q̂(t)
a�(t)h(t)

dt = exp
Z
0

xp̂(t)
a�(t)

dt

This implies
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Â(t)dt

= h(x)
Z
0

x q̂(t)
a�(t)h(t)

dt = exp
Z
0

xp̂(t)
a�(t)

dt

This implies

kYn�n+Yn+1�n+1+ � � �k 6  ̂(j�j)

=
�
exp

Z
0

j�j p̂(t)
a�(t)

dt

�
||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

indep(N)

Z
0

j�j� tN¡1+ � � �+� tN+d¡1

a�(t)h(t)
dt|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

��rst neglected term



84
Solving the majorant equation Â= p̂
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85Remarks
Homogeneous version.

The same method works directly on the equation Y 0=AY (no truncation, no �),
yields a bound Y(x)� Ŷ(x).
Typically much worse numerically.

Analyticity.
We have just proven the convergence of power series solutions!

(And thus the Cauchy existence theorem.)

Propagation of rounding errors.
To control the impact of rounding errors in the iterative computation of (yn)n,
use a similar method with a series encoding the �local� errors on the rhs.



Conclusion



87Summary

�Low� precision

Computing the sum � computing the terms O~ (r p2) /solution
alt. O~ (dp2)

�High� precision

Binary splitting + bit burst O~ (d!p) /fundamental matrix

Error bounds

Explicit residual + 1st order model (majorant) equation) tail bound

Interval arithmetic does the rest



88Some open questions

Algorithms and complexity

N terms in N logO(1)(r) logO(1)(d) ops? � Eval in d<2p< 3/2 bit ops?

Full complexity analysis as a function of the equation and evaluation point?

Fast implementations

Middle product � Practical FFT model over Z � Fast arithmetic at low precision

Alternative integration methods Rigorous and/or high-precision versions

Runge�Kutta methods � Multistep methods � Ehle's method � ...

Improvements for big equations

Apparent singularities � Practical bounds for rounding errors � ...
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