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1 Hypergeometric sequences,
hypergeometric terms



Hypergeometric sequences 3

K — field of char. 0

Definition. A sequence (un)nen of elements of K is hypergeometric if there exists a
rational function a(x) € K(x) s.t.

Unt1=a(n)u, for all but finitely many n € N.

In some references: for all n where a(n) is defined.

Equivalently: if it is P-finite of order 1, i.e. if it satisfies a relation of the form
VHEN, p(n)un+1:q(n)un, p,qu[X]

As for general P-finite sequences, p(x) and q(x) may have common factors.

2
Examples. nl, 2% onn 1 42,1,57,0,—100,1,2,4,8,16, ...,
P n+3

Non-example. 2™+ n!



Closed form

Unt+1=a(m)un forn>=ng

For K = C, write
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Closed form 4

Unt+1=a(m)un forn>=ng
For K = C, write

Then, for n >n,,
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Closed form 4

Unt+1=a(m)un forn>=ng
For K = C, write

=TT =)
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Closed form

Unt+1=a(m)un forn>=ng

For K = C, write

Then, for n > ny,

Un = a(n—1)a(n—2)---a(ng) un,
_ T (k—&) (k&)
N 1__[ k Cl (k - Cm)

_ A lm=&)---Tn—§&)
= AT )

Conversely, a sequence of this form is hypergeometric.

= Up,ctT Mm—&)---Tm—&) Mno—0C) ---
Mo F(Tlo—fq)...]“(no—ae) Mm—20y) -

Recall:
Mx+1)=xT(x)
Mm+1)=n!
r(nO - Cm)
M —Cm)



Hypergeometric series

A generalized hypergeometric series is a power series whose coefficient sequence is

hypergeometric. Notation:
a a oo
Iy--oy
qu< by »bz cx) = E Unx™
n=0
[T, (n+ai)

where Unt1=C
T A DI ()

Un, ug=1.

Cornerstone of the classical theory of special functions:

o (1—x)%=1Fo(—a;x),
In(1+x)=x2F1(1,1;2; —x),
Li2(X) :X3F2(1, 1, 1; 2, 2; X),
etc.

e Numerous identities, e.g.,
oF1(2a,2b; a—l—b—i—%; x) =2F1(a, b; a—l—b—i—%; 4x (1—x)) (Kummer)



Hypergeometric terms

“Definition”. A hypergeometric term is a formal object H(x) subject to the relation

H(x+1)=a(x) H(x) for some a(x) € K(x).

More formally:

e a difference ring extension of IK(x) is a ring R 2 IK(x)
with a ring endomorphism o: R — R
s.t. o(f) =f(x + 1) for f € K(x)

e a hypergeometric term is an element H € R s.t. o(H) = a H for some a € K(x).
Example. In the ring K(x)[U], setting o(x) =x+ 1 and o(U) = (x + 1) U defines an ring
endomorphism.

The element U is a hypergeometric term ~~ algebraic model of (n!)nen.

In this kind of situation we write u,, instead of U and u,, |  instead of o*(U).



Similarity

Definition. Two hypergeometric terms un, v, over K are similar if there exists a € I[{(n)\
such that un = a(n)vn.

Properties. Let un, v, be hypergeometric terms.

e The sum un + vy is hypergeometric iff u,, and v, are similar.

e ForL € K(n)[S,] (recurrence operator), L(u,,) is a hypergeometric term similar to un)

Example. With u,, =n/,

1
Unto+Nu, = n—”(n+2) M+1un+nuy

= (rational)un

n+7



Bivariate hypergeometric sequences and terms

“Definition”. A multivariate sequence/term is hypergeometric if it is hypergeometric
w.r.t. each of the variables.

e A bivariate hypergeometric term is a formal object H(x,y) subject to the relations

a(x,y) H(x,y)
b(x,y) H(x,y)

{H(x+1,y) for some a,b € K(x,y).

Hxy+1)
e A bivariate sequence (un k)n keN is hypergeometric if 3a, b € K(x,y) s.t.

vneN, VkeN\{finite}, uni1k=a(m,k)unx
vkeN, vneN\{finite}, un xtr1=b(n,Kk)uq x

! T is allowed

Not “for all but finitely many (n, k)” —e.g., a(n, k)=

sampie (")~ () (2)-355)

Remark. Compatibility condition: b(n+1,k) a(n, k) =a(n,k+1) b(n, k)




2 Indefinite summation



The indefinite summation problem

Let (un)nen be hypergeometric over K, with un41=a(n) un.
n—1

The indefinite sum s, = Z Uy is P-finite:
k=0

Un=Sn+1— Sn SO (Snt2—Sn+1) —a(n) (sn+1—sn)=0.

10



The indefinite summation problem 10
Let (un)nen be hypergeometric over K, with un41=a(n) un.

n—1
The indefinite sum s, = Z Uy is P-finite:

k=0

Un=Sn+1— Sn SO (Snt2—Sn+1) —a(n) (sn+1—sn)=0.

(Problem, sequence version. Given a(x),
e Decide if the sequence (sn) is hypergeometric,

\ e If so, compute b(n) s.t. sp1=b(n)sn. (b(n) + initial value(s) ~ closed form for s,

)
\

(Problem, algebraic version. Given a(n) € K(n):

e Decide if there exists a hypergeometric term s s.t. Spy1—sSn=1un,

\ e If so compute b(n) s.t. 1 =b(M) s,




Reduction to rational solutions 1

Un+1=a(m)un
1. Suppose (sn) is hypergeometric: Snil— Sn=1luUn

Sn+1=Db(Nn) sn

Then sn11 — sn=un implies

b(M)sn—sn = un



Reduction to rational solutions 1

Un+1=a(m)un
1. Suppose (sn) is hypergeometric: Snil— Sn=1luUn
Sn+1=Db(Nn) sn

Then sn11 — sn=un implies

b(M)sn—sn = un
sn = A(n)un (similarity)



Reduction to rational solutions

1. Suppose (sn) is hypergeometric:
Sn+1=Db(Nn) sn
Then sn11 — sn=un implies

b(M)sn—sn = un
sn = A(M)un

2. Rewrite the equation using the previous observation:

Sn4+1—S5n = Un

11

Un+1=a(m)un
Sn+1—Sn=Un

(similarity)
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Reduction to rational solutions

1. Suppose (sn) is hypergeometric:
Sn+1=Db(Nn) sn
Then sn11 — sn=un implies

b(M)sn—sn = un
sn = A(M)un

2. Rewrite the equation using the previous observation:

Sn4+1—S5n = Un
AN+ 1D unsi—AM)un = un

An+1)am)un—An)un = un

amAm+1)—An) =1

11

Un+1=a(m)un
Sn+1—Sn=Un

(similarity)

“Gosper equation”
(inhom. recurrence)



A crude denominator bound
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A crude denominator bound

X X X X X

¢ Any pole of A(x) must be |a zero of q(x)
orapoleof A(x+1)

x poles of A(x)




A crude denominator bound

4 * * X * * X

L 4
*

¢ Any pole of A(x) must be |a zero of q(x)
orapoleof A(x+1)

known unknown
! !
a(x)A(x+1)—=A(x)=1
_p(x)
a(x) q(x)
(pAg=1)

x poles of A(x)
o poles of A(x+1)



A crude denominator bound

A\ zeros of q(x

4 * *

S e

L 4

¢ Any pole of A(x) must be |a zero of q(x)

orapoleof A(x+1)

known unknown
! !
a(xX)A(x+1)=A(x)=1
_p(x)
ale) q(x)
(pAg=1)

x poles of A(x)
o poles of A(x+1)



A crude denominator bound

A\ zeros of q(x

4 * *

S e

L 4

¢ Any pole of A(x) must be |a zero of q(x)

orapoleof A(x+1)

e Any pole of A(x + 1) must be |a pole of A(x)

or a zero of p(x)

known unknown
! !
a(x)A(x+1)—=A(x)=1
_p(x)
ale) q(x)
(pAg=1)

x poles of A(x)
o poles of A(x+1)



A crude denominator bound

zeros of p(x) __k zeros of q(x

L.{ \/

e Any pole of A(x) must be

a zero of q(x)
orapoleof A(x+1)

e Any pole of A(x + 1) must be |a pole of A(x)

or a zero of p(x)

known unknown
! !
a(x)A(x+1)—=A(x)=1
_p(x)
ale) q(x)
(pAg=1)

x poles of A(x)
o poles of A(x+1)



A crude denominator bound knciwn unkllown
ﬁ‘ )E )E a(x)A(x+1) )\(x;:)l
X
k =4
zeros of p(x); zeros of q(x b Ag=1)
L f \/ x poles of A(x)
* | X o poles of A(x+1)
¢ Any pole of A(x) must be |a zero of q(x)
orapoleof A(x+1)
e Any pole of A(x + 1) must be |a pole of A(x)

or a zero of p(x)

= den(A) divides q(x) q(x+1) --- q(x + h — 1) where h=max {i: q(x +1) A

p(x) #1}



A crude denominator bound known unknown

)
_px
. k R
zeros of p(x) __ )

— zeros of q(x (pAg=
L f \/ x poles of A(x)
e X

o poles of A(x+1)

¢ Any pole of A(x) must be |a zero of q(x)

orapoleof A(x+1)

e Any pole of A(x + 1) must be |a pole of A(x)

or a zero of p(x)
= den(A) divides q(x) q(x+1) --- q(x + h — 1) where h=max {i: q(x +1) Ap(x) #1}
h is a zero of Resyx(p(x), q(x+h))




Gosper forms of rational functions

A pole of A(x) that is not a pole of A(x + 1) is a zero of q(x) Ap(x —1i) for some i > 1.
If all these gcds are 1, any rational solution is polynomial.

We can reduce to this case!

13
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Gosper forms of rational functions 2

A pole of A(x) that is not a pole of A(x + 1) is a zero of q(x) Ap(x —1i) for some i > 1.

If all these gcds are 1, any rational solution is polynomial.

We can reduce to this case!

ax) = 20 f1(0) = p(x — 1) A q(0) £1

q(x
pi(x) fi(x+11)
qi(x)  fi(x)

~—




Gosper forms of rational functions 2

A pole of A(x) that is not a pole of A(x + 1) is a zero of q(x) Ap(x —1i) for some i > 1.
If all these gcds are 1, any rational solution is polynomial.

We can reduce to this case!

a(x) = —§ f1(0) = p(x — 1) A q(0) £1

filx+1) - filx+i— 1) f1(x +11)
qi(x) fi(x)fi(x+1)---fi(x+1i—1)




Gosper forms of rational functions 2

A pole of A(x) that is not a pole of A(x + 1) is a zero of q(x) Ap(x —1i) for some i > 1.
If all these gcds are 1, any rational solution is polynomial.

We can reduce to this case!

a) = 2% f10) =p(x— 1) A4(0) #1
_ pu(x) filx+1)
qi(x)  fi(x)
_ pl(x) fl(x+1)~~f1(x—|—i1—1) fl(X—i-il)
ql(x) fl(X) fl(X—f— 1) s fl(X—l-il — 1)
_ pu¥) ri(x+1)
qi(x)  T1(x)



Gosper forms of rational functions 2

A pole of A(x) that is not a pole of A(x + 1) is a zero of q(x) Ap(x —1i) for some i > 1.
If all these gcds are 1, any rational solution is polynomial.

We can reduce to this case!

a(x) = —§ f1(0) = p(x — 1) A q(0) £1

fi(x) fi(x+1)---fi(x+1i1—1)

(x)
(x)
p1(x) fi(x+1) - fi(x i1 — 1) fi(x +11)
(x)
E ; fo(x) =p1(x —1i2) Aqi(x) #1



Gosper forms of rational functions

13

A pole of A(x) that is not a pole of A(x + 1) is a zero of q(x) Ap(x —1i) for some i > 1.

If all these gcds are 1, any rational solution is polynomial.

We can reduce to this case!

a(x)

&5 f1(x) = px — 1) Aq(x) #1

fi(x) fi(x+1)---fi(x+1i1—1)

(x)
(x)
p1(x) fi(x+1) - fi(x i1 — 1) fi(x +11)
(x)
E ; fo(x) =p1(x —1i2) Aqi(x) #1

P(x) R(x+1)
Q(x)  R(x)

P(x—1)AQ(x)=1foralli>1
i>0

More classical notation: (Q(x)/R(x+ 1)) (P(x+1)/P(x)).



Improved reduction to polynomial solutions




Improved reduction to polynomial solutions

The equation becomes

P(x) R(x+1)

Q()

R(x)

Ax+1) —A(x)=1.




Improved reduction to polynomial solutions

The equation becomes

P(x) R(x+1)
Q(x) R(x)

Letting p(x) = R(x) A(x):

P(x)
Q(x)

Then all rational solutions p1(x) are polynomial.

H(x+ 1) p(x)

Ax+1) —A(x)=1.

R(x).




Improved reduction to polynomial solutions

The equation becomes a(x)A(x+1)=A(x)=1
P(x) R(x+1) D — Ax) =1 _ P(x) R(x+1)
Q) Rpg DA =L 2= 56y k(o

Letting p(x) = R(x) A(x):

g((’f) H(x+1) = 1(x) =R(x).

Then all rational solutions p1(x) are polynomial.

Additionally Q(x) must divide p(x + 1):

PO (x 1) ~ Q(x ~ 1) 9(x) =R(Y 0(x) = Gy €KX,



Polynomial solutions

15



Polynomial solutions

e Easy case: if deg f # deg g or 1t(f) #1t(g), then

deg @ = degh — max (deg f, deg g)



Polynomial solutions

e Easy case: if deg f # deg g or 1t(f) #1t(g), then
deg @ = degh — max (deg f, deg g)

e Hard case: deg f = deg g and the leading terms cancel out.

( =h(x)
f,g,h, ¢ € K[x]
fa=ga
f(X) = ded+
g(x) = gax%+
o(x) = ©sx®+



Polynomial solutions

f(x) @(x+1) — g(x) @(x) =h(x)
e Easy case: if deg f # deg g or 1t(f) #1t(g), then f,g,h, ¢ € K[x]
deg @ = degh — max (deg f, deg g)
e Hard case: deg f = deg g and the leading terms cancel out. fa=da
Key observation: f(x) = faxd+--

Ap(x) = ox+1)—o(x)



Polynomial solutions

(
e Easy case: if deg f # deg g or 1t(f) #1t(g), then f
deg @ = degh — max (deg f, deg g)

e Hard case: deg f = deg g and the leading terms cancel out.

Key observation: f(x) =

Ap(x) = o(x+1)=e(x)
= (@sX°+ (@s-1+8@5) x> +---)
— (s x°+ @51 x> )
L



Polynomial solutions

e Easy case: if deg f # deg g or 1t(f) #1t(g), then
deg @ = degh — max (deg f, deg g)
e Hard case: deg f = deg g and the leading terms cancel out.

Key observation:

Ap(x) = @(x+1)—o(x)
= (@sx®+ (@Ps_1+0@s) x> 14 -1)
—(@sx®+ @s_1 x>T4 1)
L N

Rewrite the equation:
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e Easy case: if deg f # deg g or 1t(f) #1t(g), then
deg @ = degh — max (deg f, deg g)
e Hard case: deg f = deg g and the leading terms cancel out.

Key observation:

Ap(x) = @(x+1)—o(x)
= (@sx®+ (@Ps_1+0@s) x> 14 -1)
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Rewrite the equation:
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Polynomial solutions

e Easy case: if deg f # deg g or 1t(f) #1t(g), then
deg @ = degh — max (deg f, deg g)
e Hard case: deg f = deg g and the leading terms cancel out.

Key observation:

Ap(x) = @(x+1)—o(x)
= (@sx®+ (@Ps_1+0@s) x> 14 -1)
—(@sx®+ @s_1 x>T4 1)
L N

Rewrite the equation:
fx)Ae(x)  + (f(x) —9(x)) @(x)

——
fdé(pé Xd+5—1+... (fd—l_gd—l)@é Xd_1+6+...

Ifd+6—-1 >deghthen6:(gd,l—fd,l)/fd.



Summary 10

N

(Algorithm. Input: a hypgeom. term u,, Output: sy s.t. Sn41 — Sn="1un or None
P(n) R(n+1)
Qmn) Rm) -~
2.Solve P(x) @(x+1) — Q(x — 1) ¢ (x) =R(x) for ¢ € K]x].
R(n) p(n)
Qn-1) ™

\ Otherwise, return None. [Gosper 1978])

1. Write a(n) =un41/un in Gosper form

3. If there is a solution ¢(x), return

Theorem. If the algorithm returns None, then the hypergeometric term u, has no hyper-
geometric indefinite sum.

Remark. Similar ideas = algos for | polynomial solutions of recurrences of order >1
rational



Back to sequences

Let (un)nen be a hypergeometric sequence with w1 =a(n)un forne N\ L.
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Back to sequences
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Suppose Gosper’s algorithm called on a(n) finds an indefinite sum:

amM)A(n+1)—An) =1
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Back to sequences H
Let (un)nen be a hypergeometric sequence with w1 =a(n)un forne N\ L.
Suppose Gosper’s algorithm called on a(n) finds an indefinite sum:

amM)A(n+1)—An) =1 forne N\ Z’
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Back to sequences H

Let (un)nen be a hypergeometric sequence with w1 =a(n)un forne N\ L.

Suppose Gosper’s algorithm called on a(n) finds an indefinite sum:

amM)A(n+1)—An) =1 forne N\ Z’
r’={poles of a(x),A(x),A(x+1)}
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Om <M< Omit1



Back to sequences H

Let (un)nen be a hypergeometric sequence with w1 =a(n)un forne N\ L.

Suppose Gosper’s algorithm called on a(n) finds an indefinite sum:

amM)A(n+1)—An) =1 forne N\ x’
r’={poles of a(x),A(x),A(x+1)}
Forne N\ (ZuUZx)), Un = A+ une1 —A(M)un (mult. by uy,)
= Sn+1—Sn where sn:=A(n) un
n—1 01— 1 O — 1 n
> we = Z Wt g+ Y UkFlUg+-+ > Uk
k=0 k=o01+1 k=om+1

= (S0, —50) t Uo, + (Sop = Soy+1) + Uoy + +++ + (Sn—Sop+1)
where TUY ={01<092< -}
Om <M< Omit1



Back to sequences H

Let (un)nen be a hypergeometric sequence with w1 =a(n)un forne N\ L.

Suppose Gosper’s algorithm called on a(n) finds an indefinite sum:

amM)A(n+1)—An) =1 forne N\ x’
= {poles of a(x),A(x),A(x+1)}
Forne N\ (ZuUZx)), Un = A+ une1 —A(M)un (mult. by uy,)
= Sn+1—Sn where sn:=A(n) un
n—1 01— 1 O — 1 n
> we = Z Wt U+ Y UkF Ut o+ Y Wk
k=0 k=o01+1 k=om+1

= (S0, —50) t Uo, + (Sop = Soy+1) + Uoy + +++ + (Sn—Sop+1)
= Sp+Cm where TUY ={01<092< -}
Om <M< Omit1

If the algorithm finds nothing, 4 hypergeom. (sn)nen with s, =c+ 22;3 uy infinitely often,
except maybe if s, =0 for large n. (?)



3 Intermezzo: parametrized definite summation



Parametrized definite summation 19

(Problem. Given m similar hypergeometric terms 11(n) Un, ..., Tm(1n) Un, )
find | constants «4, ..., tm such that
a hypergeometric term s,
Sntl—sn=(x11i(M) + - + amTm(n)) Un
\(or prove that no solution exists). )




Parametrized definite summation 19

(Problem. Given m similar hypergeometric terms 11(n) Un, ..., Tm(1n) Un,

find | constants «4, ..., tm such that
a hypergeometric term s,

Snt1—Sn=(ox1T1(n) + -+ + AmTm(n)) un

\(or prove that no solution exists). )

Handwaving. Gosper’s algorithm works with minor adaptations.
Gosper’s equation becomes Ung1=a(n)un
Sn=A(N) un
a(x)A(x+1) =A(x) = a1 r1(x) + - -+ + m Tm(X)
Denominator valid for any (o, ..., am) by taking into account the poles of r1(x), . .., Tm(x);
similarly for degree bounds.

Searching for polynomial solutions leads to equations linear in the coefficients of the
polynomial and in the «;; solve for both simultaneously.



4 Definite summation



Definite hypergeometric summation
kl(ﬂ)
General goal: “compute” Z Un,x Where u,, i is a hypergeometric.
k=Kko(n)

Here: e “compute” = find a recurrence

n

e natural boundaries: Z Un,k over “all possible k” (E) i (2)

k k=0 k=—00



Definite hypergeometric summation -

kl(ﬂ)
General goal: “compute” Z Un,x Where u,, i is a hypergeometric.
k=ko(n)
Here: e “compute” = find a recurrence . -
e natural boundaries: Z Un,k over “all possible k” (E) = > (2)
k k=0 k=—o0
G’roblem. Given a bivariate hypergeometric sequence un i )
F(n) = Z Un,k,
k
find (if possible) a linear recurrence
\ asm)Fm+s)+---+ai(n)F(n+1) +ap(n) F(n) =0, ai € K(x). )

(E.g., arecurrence as(n) Unqsk+ -+ + ag(n) un k=0 with coeff independent of k for the
summand would work for the sum...)



Creative Telescoping 22

(Key idea. Suppose that we can find operators P(n,S,) and Q(n, S, k,Sk) s.t. )

P(T’L,Sn) 'Un‘k:(Sk—l) Q(n)SThk)Sk) “Un k-
N —

— =
telescoper certificate




Creative Telescoping 22
Operator notation: Sy - Un k=1Unt1k Sk Unk=Unk+1

E.g., un is a biv. hypgeom term iff 3a,b € K(n, k) s.t. (Sn—a(n,k)) - unx=0
(Sk— b(TL, k)) Un k= 0

(Key idea. Suppose that we can find operators P(n,S,) and Q(n, S, k,Sk) s.t. )

P(T’L,Sn) 'Un‘k:(Sk—l) Q(n)SThk)Sk) “Un k-
N —

— =
telescoper certificate




Creative Telescoping 22
Operator notation: Sy - Un k=1Unt1k Sk Unk=Unk+1

E.g., un is a biv. hypgeom term iff 3a,b € K(n, k) s.t. (Sn—a(n,k)) - unx=0
(Sk— b(TL, k)) Un k= 0

(Key idea. Suppose that we can find operators P(n,S,) and Q(n, S, k,Sk) s.t. )

P(n,Sn) -unk= (Sx—1) Q(m, Sn,k, Sx) “Un k-
~—— —_—
telescoper certificate

Then
P(TI, Sn) . Z Un k= Z ( Vn k+1—VYnk ) =0.

k k
Vn k= Q(n) STL) k') Sk) “Un,

\ “)




Creative Telescoping 22

Operator notation: Sy - Un k=Unt1k Sk Unk=Unk+1

E.g., un is a biv. hypgeom term iff 3a,b € K(n, k) s.t. (Sn—a(n,k)) - unx=0
(Sk— b(TL, k)) Un k= 0

(Key idea. Suppose that we can find operators P(n,S,) and Q(n, S, k,Sk) s.t. )
P(m,Sn) -unk=(Sk—1) Q(n,Sn,k,S1) Unk.
—_——— |
telescoper certificate
Then
P(TI, Sn) . Z un,k: Z ( Vn,k+1 _Vn,k ) =0.
k k
\ Vn,k: Q(n) STL) k') Sk) ‘un,kj

Algebraic problem: given a bivariate hypergeometric term u,, i, find P, Q as above.

For sequences, check poles, natural boundaries, adapt if necessary
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Example

Un k= (E) (sn_ _ ot

(Sn — 2) “Unk

(Sk_ 1) (Sn— 1) *Un k

[(Sn=2) = (Sk=1) (Sn=1)] - un



Example

Un k= (E) (sn_ _ ot

(Sn—2) ‘Unk =

(Sk_ 1) (Sn— 1) *Un k

[(Sn=2) = (Sk=1) (Sn=1)] - un



Example

u:(“) g . ntl N (g Mok
n,k k n n+l—k n,k k K1 n,k
1
(S 1 = (% _2>““v‘<

(Sk—l) (Sn—l) ‘Unk = (Sk—l)-< m —1>un‘k

[(Sn=2) = (Sk=1) (Sn=1)] - un



Example

= (M) (5.-

(Sn—2) ‘Unk =

(Sk_ 1) (Sn— 1) *Un k

[(Sn=2) = (Sk=1) (Sn=1)] - un

n+1-—

= @k—D'<

n+1

n+1-—

1 -k
el ).umk:<gk_ =k ).umkzo

—Eii—-—Z u
n+1-—k .k

K — 1>un‘k

k

nHi-k

k

_ (k+ln—-k u
T Mk k¥l ntl-k/) ™



Example

= (M) (5.-

(Sn—2) ‘Unk =

(Sk_ 1) (Sn— 1) *Un k

[(Sn=2) = (Sk=1) (Sn=1)] - un

n+1-—

= @k—D'<

n+1

n+1-—

1 -k
el ).umk:<gk_ =k ).umkzo

—Eii—-—Z u
n+1-—k .k

K — 1>un‘k

k

nHi-k

=0

k+1 n-k k u
n-k k+t1 n+tl_k/) ™k



Example

= (M) (5.-

(Sn—2) ‘Unk =

(Sk_ 1) (Sn— 1) *Un k

[(Sn=2) = (Sk=1) (Sn=1)] - un

(Sn_ 2) : Z Un k

n+1

n+1-—

(5

" >'unk::<sk_

n+1

L S
Fi-k >u“’k

n+1
(Sk=1) <n+1—k

1) Un k

k.
n+l-k

=0

k+1 n-k k u
n-k k+t1 n+tl_k/) ™k



Zeilberger's algorithm: idea 2

P(n»Sn) 'un,k:(sk_l) Q(n,Sn,k, Sk) “Un,k

———
Choose an order s and make an ansatz  telescoper certificate

P(n,Sn)=as(n)SH+ -+ ai(n) Sn+ ap(n) .



Zeilberger's algorithm: idea 2

P(Tl., Sn) ‘Un k= (Sk_ 1) Q(n» Snv k, Sk) “Un,k
N—— ~/
Choose an order s and make an ansatz  telescoper certificate
P(n,Sn)=as(n) S+ - +ai(n) Sn+ap(n) .
Then
P(n,Sn) -unk=[as(n) bs(n,k)+---+ a;(n) bi(n,k)+ ap(n) |- unk.



Zeilberger's algorithm: idea 2

P(Tl., Sn) ‘Un k= (Sk_ 1) Q(n» Snv k, Sk) “Un,k
N—— ~/
Choose an order s and make an ansatz  telescoper certificate
P(n,Sn)=as(n) S+ - +ai(n) Sn+ap(n) .
Then
P(n,Sn) -unk=[as(n) bs(n,k)+---+ a;(n) bi(n,k)+ ap(n) |- unk.

The creative telescoping equation becomes

(Sx—=1)- vk = as(n) bs(n, k) unk+---+ ai(n) bi(n, k) unr+ ap(n) uni
0 — —r ~



Zeilberger's algorithm: idea 2

P(Tl., Sn) ‘Un k= (Sk_ 1) Q(TL, Snv k, Sk) “Un,k
S—— ~/
Choose an order s and make an ansatz  telescoper certificate
P(n,Sn)=as(n) S+ - +ai(n) Sn+ap(n) .
Then
P(n,Sn) -unk=[as(n) bs(n,k)+---+ a;(n) bi(n,k)+ ap(n) |- unk.
The creative telescoping equation becomes

unknown constants (w.r.t. k)

l
(Sx—=1)- vk = as(n) bs(n, k) unk+---+ ai(n) bi(n, k) unr+ ap(n) uni
N — ~—~
T similar hypergeometric terms

sum over k

This is a parametrized definite summation problem with IKK(n) as a base field.



Zeilberger's algorithm: idea 2

P(Tl., Sn) ‘Un k= (Sk_ 1) Q(TL, Snv k, Sk) “Un,k
S—— ~/
Choose an order s and make an ansatz  telescoper certificate
P(n,Sn)=as(n) S+ - +ai(n) Sn+ap(n) .
Then
P(n,Sn) -unk=[as(n) bs(n,k)+---+ a;(n) bi(n,k)+ ap(n) |- unk.
The creative telescoping equation becomes

unknown constants (w.r.t. k)

l
(Sx—=1)- vk = as(n) bs(n, k) unk+---+ ai(n) bi(n, k) unr+ ap(n) uni
N — ~—~
T similar hypergeometric terms

sum over k

This is a parametrized definite summation problem with IKK(n) as a base field.

If there is a solution (ay, ..., as) s.t. vy k =A(N, k) Un 1, the parametrized Gosper algorithm
can find it.



Zeilberger's algorithm zeitberger, 1990] -

(Algorithm. Input:abiv. hypgeom. term u,, 1 Output: operators P(n, Sn) and Q(n, k)\

Fori=0,1,2,...:

1. Call the parametrized Gosper algorithm over IK(n) to search for ay, ..., as€ K(n)
and vy k= A(n, k) un x hypergeometric w.r.t. k over IK(n) such that

Vnk+1 —Vn k= (ls(Tl) Untsk+ -+ (11(T1) Un+t1,k+ (10(1’1) Un k

2. If a solution was found, return

\ P(n,Sn)=as(n) S+ - +ai(n) Su+ap(n), Q(n,k)=A(n,k) )

Theorem. The output (if any) satisfies P(n, S;,) =[(Sk— 1) Q(1n, k)] - un x



Termination 20

Definition. A proper hypergeometric term is a hypergeometric term of the form

EZ €Z

! !

Unk=pP(M, k) Z*(ain+brk+ci ) - (agn+bek+ c)l®
Kk 11 7 7 T T T
€K €% €Z €Z €7 €7 €7

Theorem. [Wilf, Zeilberger] Zeilberger’s algorithm terminates when the input is a proper
hypergeometric term.

This is only a sufficient condition.



Summary

indefinite summation

! creative telescoping
(parametrized) definite summation

! Gosper equation
(parametrized) rational solutions

I poles, Gosper form
(parametrized) polynomial solutions

l finite differences

linear algebra

27



Beyond hypergeometric sequences %

00 2
¢ Differential (and other) analogues / exp(% — t2> dt

—0o0

( P(x,Dx) —D¢ Q(x,Dy,t,Dy) )-f(x,t)=0
e D-finite functions in several variables {x Jr(x) + % Jnp1(x) = nJn(x) =0

Including mixed diff./shift/ ... XJnt2(x) =2 (M +1) Jnp1(x) +xJn(x) =0

— Grobner bases of ideals of operators

e The idea of creative telescoping generalizes ZZ( ) ( +1)23n 3n2n- 2(2;1)

k=0j=

Feo 2 1 c2—b? bc
X nb In -y n
[ s mnesne g (S5 ()

— new closure property for D-finite functions! (under assumptions)

e Main difficulty: efficient algorithms for finding telescopers
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