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Canham Model:
Min.W given g, area, volume



From Minimal Surfaces to Recurrences
Willmore problem: minimize W(S) for a surface S of given genus smoothly immersed in R3

I Marques & Neves (2012) [Willmore conjecture, 1965]
In genus one, the unconstrained minimizers are the
stereographic projections of the Cli�ord torus TC=S1/ 2

p1 �S1/ 2
p1 �S3

I Yu & Chen (2022)
Unique minimizer (up to scale) of given
isoperimetric ratio �1/6 (6V)1/3A¡1/22 [�0; 1) (! Canham problem)

.. .provided that a certain explicit sequence (dn) is >0
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Yu and Chen's Sequence

(dn)= (72; 1932; 31248; 790101/2; 17208645/4; 338898609/8; 1551478257/4;:::)

¡(n+8) (n+7) (12232n3+298144n2+2412586n+6469077) (n+6)2 dn
+(n+8)(183480n6+7655560n5+131977142n4+1202876299n3+6112196895n2

+16418149668n+18219511026) dn+1
¡(n+8)(941864n6+38326904n5+644300514n4+5727711699n3+28407144241n2

+74557779538n+80949464718) dn+2
+(1993816n7+97303624n6+2021855198n5+23184921987n4+158457515673n3

+645518710454n2+1451619424860n+1390493835900) dn+3
+(¡1993816n7¡98090344n6¡2054897438n5¡23758375953n4¡163720428321n3

¡672459054524n2¡1524577250976n¡1472211879228) dn+4
+(n+6)(941864n6+40789672n5+730497394n4+6921881565n3+36590122947n2

+102300885158n+118218544398) dn+5
+(n+6)(183480n6+7756760n5+135519142n4+1252328453n3+6456460129n2

+17612930492n+19872693550) dn+6
+(n+7) (n+6) (12232n3+215600n2+1256970n+2435511) (n+8)2 dn+7 =0

Asymptotic behavior



Eventual Positivity

: : : dn+6+ � � �+ : : : dn+1+ : : : dn=0

Routine Calculation

dn= c � �¡nn3 ln(n)+O(�¡nn3) �¡1=( 2
p

+1)2� 5.8

c2 [8.06; 8.08]

I Flajolet & Puech (1986)
I Flajolet & Odlyzko (1990)

I Salvy (1991)
I Chabaud (2002)

(among others)

Corollary
The sequence (dn) is eventually positive.

Question
Replace the O(�) by an explicitly bounded error term?
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Complete Positivity

Proposition [Melczer & M. (2022)]

dn> �¡n (8.07n3 lnn+ 1.37n3¡ 1196n2 ln2n)

Corollary
dn> 0 for all n> 1000
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Real point: We now have the technology
to prove bounds of this type

I Bostan & Yurkevich (2022) � More direct proof of Y&C's result



Complete Positivity

Proposition [Melczer & M. (2022)]

dn> �¡n (8.07n3 lnn+ 1.37n3¡ 1196n2 ln2n)

Corollary
dn> 0 for all n> 1000

Real point: We now have the technology
to prove bounds of this type

I Bostan & Yurkevich (2022) � More direct proof of Y&C's result

Next Step [Dong (2021); Dong, Melczer & M. (2022)]

�General� sequences � Algorithm + Code

I van der Hoeven (2021) � Theoretical algorithms using Mellin transforms, complexity



Positivity: Some Related Work

Constant coe�cients Polynomial coe�cients

Decidability
issues

I Ouaknine, Worrell (2014)
I Kenison, Nieuwveld,

Ouaknine, Worrell (2023)

I Neumann, Ouaknine, Worrell (2021)
I Kenison,Klurman,Lefaucheux,Luca,

Moree, Ouaknine, Whiteland,
Worrell (2021)

Induction
+ CAD

I Nuspl & Pillwein (2022)

I Gerhold, Kauers (2005)
I Kauers, Pillwein (2010)
I Pillwein (2013)

Symbolic-
numeric

I van der Hoeven (2021)
I Ibrahim, Salvy (2023)



General Recurrences

�dn+6+ � � �+�dn+1+�dn=0

➜

d(z)=
P

n
dnzn�

z2 (z+1)2 (z¡ 1)3 (z2¡ 6z+1)2
� (3z4¡ 164z3+370z2¡164z+3)

�
d(3)(z)+�d00(z)+�d0(z)+�d(z)=0



General Recurrences

�dn+6+ � � �+�dn+1+�dn=0

➜

d(z)=
P

n
dnzn�

z2 (z+1)2 (z¡ 1)3 (z2¡ 6z+1)2
� (3z4¡ 164z3+370z2¡164z+3)

�
d(3)(z)+�d00(z)+�d0(z)+�d(z)=0

Assumptions
I The di�erential equation has singular points *f0;1g
I The singular points are regular (at least those we need to work with)

Regular: zi 3
p

log2 z+ � � � Irregular: e z
p

+2z z3/2 log z+ � � �
convergent divergent



A Cauchy Integral [Flajolet & Puech 1986, Flajolet & Odlyzko 1990, .. .]

z2 (z+1)2 (z¡ 1)3 (z2¡ 6z+1)2 (3z4¡ 164z3+ 370z2¡164z+3)d(3)(z)+ � � �=0

0
d(z)= 72+ 1932 z+ 31248 z2+ � � �



A Cauchy Integral [Flajolet & Puech 1986, Flajolet & Odlyzko 1990, .. .]

z2 (z+1)2 (z¡ 1)3 (z2¡ 6z+1)2 (3z4¡ 164z3+ 370z2¡164z+3)d(3)(z)+ � � �=0

0
d(z)= 72+ 1932 z+ 31248 z2+ � � �



A Cauchy Integral [Flajolet & Puech 1986, Flajolet & Odlyzko 1990, .. .]

z2 (z+1)2 (z¡ 1)3 (z2¡ 6z+1)2 (3z4¡ 164z3+ 370z2¡164z+3)d(3)(z)+ � � �=0

0
d(z)= 72+ 1932 z+ 31248 z2+ � � �



A Cauchy Integral [Flajolet & Puech 1986, Flajolet & Odlyzko 1990, .. .]

z2 (z+1)2 (z¡ 1)3 (z2¡ 6z+1)2 (3z4¡ 164z3+ 370z2¡164z+3)d(3)(z)+ � � �=0

0
�= 0.17: : :

d(z)= 72+ 1932 z+ 31248 z2+ � � �



A Cauchy Integral [Flajolet & Puech 1986, Flajolet & Odlyzko 1990, .. .]

z2 (z+1)2 (z¡ 1)3 (z2¡ 6z+1)2 (3z4¡ 164z3+ 370z2¡164z+3)d(3)(z)+ � � �=0

0
�

d(z)= 72+ 1932 z+ 31248 z2+ � � �



A Cauchy Integral [Flajolet & Puech 1986, Flajolet & Odlyzko 1990, .. .]

z2 (z+1)2 (z¡ 1)3 (z2¡ 6z+1)2 (3z4¡ 164z3+ 370z2¡164z+3)d(3)(z)+ � � �=0

0
�



A Cauchy Integral [Flajolet & Puech 1986, Flajolet & Odlyzko 1990, .. .]

z2 (z+1)2 (z¡ 1)3 (z2¡ 6z+1)2 (3z4¡ 164z3+ 370z2¡164z+3)d(3)(z)+ � � �=0

0
�

dn=
1

2� i

I
d(z)
zn+1

dz



A Cauchy Integral [Flajolet & Puech 1986, Flajolet & Odlyzko 1990, .. .]

z2 (z+1)2 (z¡ 1)3 (z2¡ 6z+1)2 (3z4¡ 164z3+ 370z2¡164z+3)d(3)(z)+ � � �=0

0
�

dn=
1

2� i

I
d(z)
zn+1

dz



A Cauchy Integral [Flajolet & Puech 1986, Flajolet & Odlyzko 1990, .. .]
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dn=
1

2� i

I
d(z)
zn+1

dz=
I
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+
I
Ln
+
I
B
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n
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6

z +O(z2 log3z)

d(z)=0 �A1(z)+0 �A2(z)+72A3(z)

0
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B1(z)= (z¡�)¡4 log 1
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B2(z)= (z¡�)¡4+ � � �
B3(z)= 1+ � � �

d(z)= �1B1(z)+�2B2(z)+�3B3(z)

= [0.0420�10¡4] (z¡�)¡4 log 1

1¡z/�
+ [0.0598�10¡4] (z¡�)¡4

¡ [0.0209�10¡4](z¡�)¡3 log 1

1¡z/�
+ [0.0491�10¡4] (z¡�)¡3

+ O

�
(z¡�)¡2 log2 1

1¡z/�

�
�1=[0.0420�10¡4]+ [�10¡10] i
�2=[0.0598�10¡4]+ [�10¡10] i
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Key Numeric Tools [van der Hoeven 2001; M. 2011, 2019; .. .]

z0; z1 � ordinary or regular singular points, with �xed associated sol bases

Rigorous Integration of Singular LODEs
Given the coordinates of a solution f in the basis at z0:
I one can compute boxes containing the coordinates of f at z1
I for a small enough z �C containing no singular points,

one can compute a box containing
�
f(z) : z2 z
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Bounds on Tails of Logarithmic Series

Given N2N and 06�< dist
¡
z0; fsingular points=/z0g

�
,

for each A2 local basis at z0, one can compute M0; : : : ;MK such that

A(z)= (z¡ �)�
X
k=0

K
 X

n=0

N¡1

un;k (z¡ �)n+
X
n=N

1

un;k (z¡ �)n|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
j�j6Mkjz¡�jN for jz¡�j6�

!
logk

1
1¡ z/�



Singular Expansion

d(z)= [0.0420�10¡4] (z¡�)¡4 log 1
z¡�
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(̀z) (more terms than needed

) better bounds)

�

0

+
X

n=�+r

1 �
cn;0+cn;1 log

1
z¡�

+cn;2 log2
1

z¡�

�
(z¡�)n|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

g(z)

�

0

(�=¡4;r=2)

dn=
I
d(z)
zn+1

dz=
I
`(z)
zn+1

dz +
I
g(z)
zn+1

dz

= [zn]`(z) +
Z
Sn+Ln

g(z)
zn+1

dz+
Z
B

d(z)¡ `(z)
zn+1

dz

Bound each term for n>n0
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Key Numeric Tools [van der Hoeven 2001; M. 2011, 2019; .. .]
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The Global Error Term�������� 1
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I not an asymptotic expansion

I still makes sense as a bound
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Conclusion
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I Irregular singular points
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