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Demo!



Behind the Scenes...

� DynaMoW � Ocaml + Maple + web [Chyzak & Darrasse]

� Algolib

http://algo.inria.fr/libraries/

GNU LGPL

� gfun � D-�nite power series [Salvy & Zimmermann]

� MGfun � Multivariate D-�nite functions [Chyzak]

� NumGfun � D-�nite analytic functions [M.]

� ...

� (+ DDMF-speci�c Maple libraries)



2 Identities



D-Finite Functions [Stanley 1980, ...]

An analytic function y:C! C is D-�nite (holonomic) i� it satis�es a
linear homogeneous ODE with polynomial coe�cients:

ar(z) y
(r)(z)+ ���+ a1(z)y

0(z)+ a0(z) y(z)= 0; aj 2K[z]

Examples: sin �=� fy 00(z)+ y(z)=0; y(0)= 0; y 0(0)= 1g

K0 �=� fzy 00(z)+ y 0(z)¡ zy(z)=0; (ini?)g

More examples: exp, ln, Ai, erf, J�,
algebraic fns, hypergeometric fns...

Not D-�nite: �, ¡, W , tan, Ca;q, ...

alg D-finite

hgeom



D-Finite Functions [Stanley 1980, ...]

An analytic function y:C! C is D-�nite (holonomic) i� it satis�es a
linear homogeneous ODE with polynomial coe�cients:

ar(z) y
(r)(z)+ ���+ a1(z)y

0(z)+ a0(z) y(z)= 0; aj 2K[z]

Equivalently:

dimK(z)SpanK(z)(Di � y)i2N<1

y

D � y= y 0

D2 � y= y 00

D3 � y=¡ a0
a3
y¡ a1

a3
y 0¡ a2

a1
y 00

D4 � y= �y + �y 0 +�y 00
���



Closure Properties

D-�nite functions over K form a K-algebra.

Example:

f(z)= sin z

f 00(z)+ f(z)=0

g(z)=Ai(z)

g 00(z)¡ z g(z)=0

f g= f g

(f g)0= f 0 g+ f g0

(f g)00= f 00 g+ f 0g 0+ f 0 g 0+ f g 00

=¡f g+2 f 0 g 0+ z f g
=(z¡ 1) f g+2 f 0 g0

(f g)(3)= f g+(3 z¡ 1) f 0 g+(z¡ 3) f g 0

(f g)(4)=(z2¡ 6 z+1) f g+4 f 0 g
+2 f g 0+(4 z¡ 4) f 0 g 0

5 vectors dimension 4

(z+1) (f g)(4)¡ (f g)(3)¡ 2 (z2+1) (f g)
00¡ (z+5) (f g)

0
+(z3+ ���) (f g) = 0



Proof of Identities

Proposition. cos2 z+ sin2 z=1.

Proof. cos2 z+ sin2 z¡ 1=O(z9). �

Why is this a proof?
� cos and sin both satisfy equations of order 2

� hence, cos2 and sin2 satisfy equations of order 6 4
� 1 satis�es y 0=0

� hence, cos2+ sin2¡ 1 satis�es an equation of order 6 9
(Actually, cos2x, sin2 x and 1 all satisfy y(3)+4 y0=0.)

In CS terms: equality is decidable.



Generalisations [Lipshitz, Zeilberger, Chyzak & Salvy, ...]

Tn(x) (¡1)m¡k k!
�
n¡ k
m¡ k

��
n+1
k+1

�
cos (z t)
1¡ t 2
p

�
n
k

� exp
�
4u (x y¡ u (x2+ y2))

1¡ 4u 2

�
1¡ 4u 2
p

�
m
k

�
Bn+k

e¡px Tn(x)

1¡ x2
p 2F1

�
a b

a+ b+1/2

���� z� 2n

fTn(x)g �=�

8<:(1¡x
2)Tn

00(x)¡xTn0(x)+n2Tn(x)= 0
nTn+1(x)+ 2 (1¡ x2)Tn0(x)¡nTn¡1(x)= 0
(+ initial values)



Gessel Walks

(i, j)

length n

Allowed steps: !; ;%;.

Q(x; y; t)=
X

n;i; j

qi; j;n x
i yj tn

Theorem. (�Gessel's conjecture�)
[Kauers-Koutschan-Zeilberger 2008]

Q(0; 0; t)= F3 2

�
/5 6; /1 2; 1
/5 3; 2

����16 t2
�
.

Theorem. [Bostan-Kauers 2010]

Q(x; y; t) is algebraic.

(Estimated size of min. poly: 30 Gb.)

Needs fast algorithms!



Guessing

Given the �rst terms of a series y(z)= y0+ y1 z+ y2 z
2+ ���,

�nd a di�erential operator L of order <r,

with polynomial coe�cients of degree <d,

such that L � y(z)=O(z�). That's just linear algebra

Guess-and-prove
Faced with a conjectured identity A(z)=B(z):

1. compute the initial terms of the series expansions of A and B;

2. guess a common di�erential equation;

3. verify that it is satis�ed and check a �nite number of initial values.



Gessel Walks

(i, j)

length n

Allowed steps: !; ;%;.

Q(x; y; t)=
X
n;i; j

qi; j;n x
i yj tn

Theorem. (�Gessel's conjecture�)
[Kauers-Koutschan-Zeilberger 2008]

Q(0; 0; t)= F3 2

�
/5 6; /1 2; 1
/5 3; 2

����16 t2�.
Theorem. [Bostan-Kauers 2010]

Q(x; y; t) is algebraic.

(Estimated size of min. poly: 30 Gb.)

Needs fast algorithms!



3 Approximations



Di�erential Equations and Recurrences

The Taylor coe�cients of a D-�nite function y(z)=
X
n=0

1

yn z
n

obey a linear recurrence relation with polynomial coe�cients:

bs(n) yn+s+ ���+ b1(n) yn+1+ b0(n) yn=0:

(And conversely, for D-�nite formal power series.)

Example. y 00+ y=0 ) (n+1) (n+1) yn+2+ yn=0

More recurrences: Generalized Fourier series. y(x)=
X
n2Z

cnTn(x)

cn¡3+(2n¡ 1) (2n¡ 5) cn¡1¡ (2n+1) (2n+5) cn+1¡ cn+3=0



Recurrences Lead to Fast Algorithms

First n terms O(n) ring operations
nth term O~( n

p
) ring operations (�baby steps-giant steps�)

nth term, over Q O(M(n log2n)) bit operations (�binary splitting�)

Naïve algorithm Binary splitting
n! =n � (n¡ 1)! n! = (n ��� (bn/2c+1)) � bn/2c!

1 2 6 n!

Θ(n log n)
bits

O(log n) bits

O(log n)
levels

O(n log n) bits

Time: 
(n2 logn) Time: O(M(n logn) logn)



Binary Splitting for D-Finite Series

Same idea, using a matrix product tree:

y(z)=
X
n=0

1

yn z
n

Sn=
X
k=0

n¡1

yk �
k

2664
yn+1
���

yn+s
Sn+1

3775=
2664 B(n)

3775
2664

yn
���

yn+s¡1
Sn

3775

B(n−1) B(1) B(0)

O(log n)

O(log n)

O(n log n)



Numerical Analytic Continuation

i

−i

1−1

z1

z2

5

4
(1 + i)

arctan
�
5

4
(1+ i)

�
?�

y(z1)
y 0(z1)

�
=

�
1 0.57:::+ 0.22:::
0 0.72:::¡ 0.20:::

��
y(0)
y 0(0)

�
�
y(z2)
y 0(z2)

�
=

�
1 0.36:::+ 0.32:::
0 0.75:::¡ 0.07:::

��
y(0)
y 0(0)

�

���

For a �xed function y and a �xed evaluation point z 2C,

one may compute y(z) with absolute error 6 2¡n

in time O(M(n log2n)) and space O(n). [Chudnovsky2, v.d. Hoeven, M.]



Polynomial Approximation on Intervals

x

ex
− (1 + 1

2
x2 + 1

6
x3 + 1

24
x4)

ex
− (12660T0(x) + 1.1303T1(x)

+ 0.2714T2(x) + 0.0443T3(x)
+ 0.0054T4(x))

−1 −1/2 1/2 1

y(x)=
X
n2Z

cnTn(x)

cn+1+2n cn¡ cn¡1=0

Obstacles:
� high order $ divergent solutions

� ini. cond.2/Q
Solution: [Benoit-Jolde³-M.]

� backward recursion (�Clenshaw's algo�)



Error Bounds

Majorizing series (a priori bounds)

� Bound the di�erential equation with a simple �model equation�:

y 0(z)= a(z) y(z) �� g 0(z)=
1

(1¡� z) g(z)

� Solve the model equation and study the solutions:�����X
k=n

+1

yn z
n

�����6X
k=n

+1

gn jz jn6 ?

Fixed-point bounds (a posteriori bounds)

� Rewrite as T (y)= y, say with kT (f)¡T (g)k6� kf ¡ gk, �< 1

� Given an approximate solution y~, check that T (B(y; "))�B(y; ")



Double-Precision Implementation
The Problem

� Writing �oating-point implementations of mathematical functions
is hard!

� Special function libraries performance and rigor decades behind
state-of-the-art elementary function libraries

� Libraries rarely provide �the right� function

� exp(sin(x))

� not accurate enough, more accurate than needed...



Code Generation

x
2

Y
′′

1
+ x Y

′

1
+ (x2

− 1) Y1 = 0
Y1(x) ∼ −

2

πx
+ x ln x

π
+ · · ·

as x → 0

double BesselY1 (double x)
{

// generated code
}

?

proof



A Prototype Code Generator [Lauter-M. 2014]

Input: di�erential equation + initial values de�ning f
domain [a; b]
target accuracy
(+ implementation constraints)

Output: C code����implem(x)¡ f(x)f(x)

����6 " for all x2 [a; b]\ double

Example:
f(x)= J0(x) (Bessel)

[a; b] = [0.5; 42]

"=2¡45



Architecture
differential equation

truncated Taylor series

compact rough approximation

minimax approximation

representable approximation

implemented polynomial

C code

Frontend

Backend

� �Rigorous polynomial
approximation pipeline�

� Interesting points:
f(x)= 0 or f(x)� 0
x=0, x!1
later: singularities

� Reduce to implementing
well-chosen polynomials


