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The Airy Function Ai(x)
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Multiple-Precision Evaluation of Ai(x), >0

Standard algorithm

o “Small” z: Taylor Series at 0

forn=0,1,...,N —1 (all ops done in floating-point at precision pyork)
tni=a1(n) tn_1-x+as(n) tn_ 122+ +ap(n) t,_p-z*
s:=s5+t,

catastrophic cancellation for moderately large x — need pwork > Pres

e ‘“Large” x (depending on prec.): Asymptotic Expansion at co

This talk
New evaluation algorithm for “small” = with pwork ~ Dres

Complete error analysis (a la MPFR)



Cancellation



Catastrophic Cancellation: A Simple Example

> x := 20: N := 100:
> add((-20.)"n/n!, n=0..99);

—.12115250e — 1
> exp(-20.);
.2061153622e — 8
> Digits := 30; add((-20.)"n/n!, n=0..99);

Digits: =30
.206115362243865948417e — 8



A Simple Example (cont.)

<107 4 20™
o a2
3.x107
5 <1071 “lost digits” ~log max |y, ™| — log |y(z)|
n
1.x 107
0 T T T T T T T T T 1
0 20 40 60 80 100

The right way: e r=—



The Error Function

erf(z) = (m - lx3+ix5 _L 7+Lx9+ ) cancellation

2
Nz 37 107 427 216

ut... (Abramowitz & Stegun, Eq. 7.1.6)

:— 27l+1
erf(x) NG exp (— Z T3 2n+ 0 x
Gla)

1. Compute G(x) [positive terms, minimal cancellation]
2. Compute exp (z2)
3. Divide



Back to Ai(x)
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The GMR Method



The Gawronski-Miiller-Reinhard
Cancellation Reduction Method

e Find I and @ such that
_G(z)
y(x) —m
o The evaluation of ' and G involves little cancellation

e Based on the asymptotic behaviour of y at complex oo
_2,3/2

o Ai(z)~ as z — 00

e 3
2/ 24
in any sector {z € C|—p<argz <} with ¢ >0

& w. Gawronski, J. Miiller, M. Reinhard. SIAM J. Num. An., 2007.
I M. Reinhard. Phd thesis, Universitat Trier, 2008.



The Indicator of an Entire Function

M(r)= sup [y(z)]

|z[=r

Order

. Inln M (r)
p=limsup —————~=

r—+00 Inr
Indicator p:; hAi(e):_§COS<%9)

10
h(6) =limsup w »
r
r—+00

ly(re)| ~exp (h(0) rP)

for large r




[y(r )| m O

“lost” digits

Lost in Cancellation

P
for large r

~

mase [y 27| = M (|2 )+

logio (maX lyn 2™ ) —logio|y(2)|
n
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o810 7))
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The GMR Method

e ‘lost” digits~r” (max h — h(0))

e same p = hF/G:hg—hF
F(z)~ ehrr? G(z) _ _
{ Ge)mere@r T R TPl

e Idea: look for
o an auxiliary series F'
o a modified series G=y F

such that hr and hg = their max for 6 =0



Auxiliary Series for Ai(x)



Indicators

Ai(zx) Ai( jrfl ) Ai(ij )




The Auxiliary Series F(x)

F(z)=Ai(jz) Ai(j~'z) = - (Ai(2)? +Bi(z)?) =) Fpa"

>4>|>~

D-Finiteness

N SN . 2(2n+1)
Ai'(x) —x Ai(x) =0 ~  Fpyg= 1) (1 12) (0T 3) F,
1 1
HO=4 A0 ey e
3
1

PBh=————
RO
3

e Two-term recurrence = Easy to evaluate

e Obviously F;, >0 = No cancellation



The Modified Series G(x)

G(z)=Ai(x) F(z)= Z Gpz3n

10 (n+1)2Gn+1—Gn
n+1)(n+2)(3n+4)(3n+5)

Gni2= (

G(r)=0.44749 1071 4+ 0.50371 - 1072 2% + .14053 - 10~3 2.6

+.17388107° 22+ .12091 - 10~ 7 212+ 53787 - 101015+ ...

Note: Prove that G,, > 07



Are We Done Yet?

u _ 10(n+1)2upt1 —un
"2 i+ ) (n+2)Bn+4) (3n+5)

Perron-Kreuser

T
"opl2
where
Up+1 1 dominant solution — generic case
Up, or 1/9  minimal solution — non-generic
. 1 . .
Experimentally G, ~ —— Minimal sol. = unstable recursion

gn p |2



Miller’'s Method

Idea
“Unroll” the recurrence backwards; then minimal ~ dominant

Algorithm

Choose N >0

Set uy =1, UN_H:O

Compute un_1, ..., u1, U

Return the list of c”fLN):%un, n=0,1,...
0

Theorem (classical)
For fixed n, we have ¢,,— ¢, as N — oo

+ Numerically stable



Evaluation Algorithm

1. Compute F'(x) by direct recurrence
2. Compute G(x) using Miller's method
3. Divide

Works well in practice.

Proof?

Error bounds?



Proofs & Error Bounds



What Remains To Do

Prove that (G,,) is a minimal solution

(i.e. the one to which Miller's method converges)

Prove that G,, >0 (so that the summation is numerically stable)
Bound the tails of the series F' and G [easy]
Bound the roundoff errors in Z F,z" [tedious but routine]

Bound the method error of Miller's algorithm (i.e. |G, —n!=2 cN,SN)\)

~> Main issue: need bounds on G,

Bound the corresponding additional roundoff errors

() R.M.M. Matthiej & A. van der Sluis, Numerische Mathematik, 1976



Controlling G,,

Proposition

1

Gp~Yp=——=———— with ﬂ—1‘<2.4n‘1/4 forall n>1
4+/3 w9 n!2 Yn
Idea of the proof
_ 1 G(2)
SRS Pl T
e saddle-point method
e Ai(z) 5
. e 3 =~ i(z ,3/2
~ = — —_ < N —
e Ai(z) WL Ai(z), X0 1| <r 18 €5 5

Corollary: G, >0 (for large n, then for all n)



Conclusion

Summary
e New well-conditioned formula for Ai(z),
obtained by an extension of the GMR method
e Detailed example of how to make the method rigorous

e Ready-to-use multiple-precision algorithm for Ai(z)

How much of this all is specific to Ai(xz)?

e Entire function

e Ability to find auxiliary series

e D-finiteness [constraints on the order of the recurrences?]

e Asymptotic estimate with error bound
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