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Scaled Bernoulli numbers
This worksheet is a supplement to: Marc Mezzarobba, Rounding Error Analysis of Linear Recurrences 
Using Generating Series. It illustrates how some of the calculations of the section on scaled Bernoulli 
numbers can be checked using Maple.
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Define the auxiliary series S-caron, b-sharp-star. Double-check the associated inequalities.
S c  : =  w / s i n ( w ) ;

s e r i e s ( w / s i n h ( w ) ,  w ,  1 2 ) ;

s e r i e s ( S c ,  w ,  1 2 ) ;

b s  : =  2  -  w / t a n ( w ) ;

s e q ( b e r n o u l l i ( 2 * k ) / ( 2 * k ) ! ,  k = 0 . . 5 ) ;

s e r i e s ( s u b s ( w = s q r t ( z ) / 2 ,  b s ) ,  z ) ;

Define C-tilde-star, S-tilde-star.
a  : =  1  +  u ;

Ct  :=  cosh(a*w)  -  cosh(w) ;

S t  : =  w ^ ( - 1 ) * ( s i n h ( a ^ 2 * w )  -  s i n h ( w ) )  -  ( a ^ 2 - 1 ) ;

Now define maj = delta-hat-star in terms of the series introduced so far.
num := Ct+St*bs

den  :=  1 /Sc -S t

maj := num/den

(We could have used solve(), but the form above will be more convenient to work with than the one 
solve() returns.)

normal (maj  -  so lve(maj1  =  Sc*Ct  +  Sc*St*bs +  Sc*St*maj1 ,  maj1) ) ;
0



(14)(14)

>  >  

(15)(15)

>  >  

(16)(16)

>  >  

(17)(17)

>  >  

>  >  

(18)(18)

s e r  : =  s i m p l i f y ( c o n v e r t ( s e r i e s ( m a j ,  u ,  2 ) ,  e x p ) ,  e x p ) ;

Extract the leading term xi-hat and rewrite it in a nicer form.
x i h  : =  o p ( 1 ,  s e r ) ;

x i h  : =  c o l l e c t ( e x p a n d ( x i h ) ,  [ s i n ,  c o s ,  w ] ,  e  - >  s i m p l i f y ( c o n v e r t
( e ,  t r i g ) ,  t r i g ) ) ;

Singular expansion of x-hat at its poles. We isolate the singular factor for readability.
a u x  : =  x i h * ( 1  -  ( w / P i ) ^ 2 ) ^ 2 ;

s i m p l i f y ( M u l t i S e r i e s [ s e r i e s ] ( a u x ,  w = P i ,  4 ) ) ;



>  >  

>  >  

>  >  

>  >  

(19)(19)

(20)(20)

The function studied in Lemma 18, i.e., the denominator of maj divided by Sc.
h  : =  S t  -  1 / S c ;

e v a l ( h ,  u = 0 )

p l o t ( e v a l ( h ,  u = 1 e - 1 0 ) ,  w = - 3 * P i . . 3 * P i )

p l o t s [ c o m p l e x p l o t 3 d ] ( e v a l ( h ,  u = 1 e - 1 0 ) ,  w = 6 . 2 * ( - 1 - I ) . . 6 . 2 * ( 1 + I ) )
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The term St vanishes identically when u=0, leaving us with the zeros of sin(w)/w. We focus on the zero

enough u.
e v a l ( d i f f ( h ,  w ) , [ w = P i , u = 0 ] ) ;

1

phi  :=  RootOf (subs(w=Pi / (1+_Z) ,  h ) ) :
p h i s e r  : =  s i m p l i f y ( c o n v e r t ( s e r i e s ( p h i ,  u ,  3 ) ,  t r i g ) ) ;

theK  :=  op (1 ,ph iser )

G  : =  s i n h ( w )  -  w  -  w ^ 3 / 6

w0  :=  P i / ( 1+K*u )
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p lo t (subs(K=theK,  a^2*w0 /P i ) ,  u=0 . .1 /2 )

s o l v e ( d i f f ( a ^ 2 * w 0 ,  u ) ,  u )

Double-check some algebraic identities used in the proof
normal( (w0-Pi)  + K*u*w0)

0
St_a l t  :=  (a^6-1 ) *w^2 /6  +  (subs(w=a^2*w,  G)  -  G) /w

normal (S t -S t_a l t )
0

Upper bound on h(w0), and a quick check that it is negative
h h a t  : =  ( a ^ 6 - 1 ) / 6 * w 0 ^ 2  +  ( a ^ 2 - 1 ) * ( K - P i ^ 2 ) / ( 2 )  -  K * u  +  ( K * u ) ^ 3 *
w0^2/6
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s o r t ( c o l l e c t ( n u m e r ( h h a t ) / 6 ,  [ u , P i ] ) ,  u ,  a s c e n d i n g )

p l o t ( s u b s ( K  =  o p ( 1 , p h i s e r ) ,  h h a t ) ,  u = - 2 ^ ( - 8 ) . . 2 ^ ( - 5 ) )

RootF ind ing[Ana ly t ic ] (d i f f (subs(K  =  op(1 ,ph iser ) ,  numer (hhat ) ) ,  
u ) ,  u ,  r e = 0 . . 2 ^ ( - 5 ) ,  i m = - 1 . . 1 )

sqabssin  :=  s impl i fy (abs(s in ( rho*exp( I * theta ) ) )^2)  assuming 
t h e t a : : r e a l
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r h o  : =  6 2 / 1 0

p l o t ( s q a b s s i n ,  t h e t a = - P i . . P i )

Check the condition of Rouché's theorem. Maple's support for rigorous numerical computations is poor;
we redo the check using interval arithmetic in the accompanying SageMath worksheet.

eva l f (eva l (expand(a^2-1 ) * (1+cosh(a^2*rho) ) ,  u=2^( -16) ) )
0.007550782584

e v a l f ( a b s ( s i n ( r h o ) / r h o ) )
0.01340151659
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Singular expansion at alpha of delta-hat-star (proof of Proposition 19)
z z _ a l p h a  : =  R o o t O f ( - h ,  w ) ;  #  a p p a r e n t l y  i t  n e e d s  t o  b e  - h ,  n o t  h ,
fo r  Mu l t iSer ies [ser ies ]  to  succeed

a l ias (a lpha  =  zz_a lpha )

s e r  : =  M u l t i S e r i e s [ s e r i e s ] ( m a j ,  w = a l p h a ,  2 )

rew :=  iso late(subs(_Z=alpha,op(zz_alpha) ) ,s inh( (1+u)^2*a lpha) )

s e r  : =  s i m p l i f y ( s u b s ( r e w , s e r ) )

The auxiliary function R
R :=  normal (convert (ser ,  polynom)* (1-w/a lpha) ) :
R := subs(_a=alpha,simpli fy(combine(subs(alpha=_a,  R)) ) )

Double-check the expression for R given in the paper
simpl i fy (1 /R* (subs(w=alpha,Ct ) -cos(a lpha)+2*s in(a lpha) /a lpha) /
(subs(w=alpha ,d i f f (w*St ,w) ) -cos(a lpha) ) )

1

s e r R  : =  s i m p l i f y ( s u b s ( _ Z 1 = 1 , M u l t i S e r i e s : - s e r i e s ( R ,  u ,  2 ) ) )

e v a l f ( s e r R )

The derivative of R. After a non-rigorous look at its values, we generate a straight-line program 
implementing the expression that we use in the accompanying SageMath notebook to compute rigorous
enclosures.

d R  : =  ( d i f f ( R ,  u ) ) :
p lo t (subs(a lpha=Pi / (1+ theK*u ) ,  dR) ,  u=0 . .2^ ( -16 ) )
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lpr int (codegen[opt imize] (dR) )
t 1  =  a l p h a ,  t 3  =  1 + u ,  t 4  =  t 1 * t 3 ,  t 5  =  t 3 ^ 2 ,  t 6  =  t 5 * t 1 ,  t 7  =  
c o s h ( t 6 ) ,  t 9  =  -
t 1 * u + t 4 * t 7 - t 1 ,  t 1 0  =  u ^ 2 ,  t 1 1  =  2 * u ,  t 1 2  =  c o s ( t 1 ) ,  t 1 4  =  c o s h
( t 1 ) ,  t 1 5  =  - t 5 *
t 7 + t 1 0 + t 1 1 + t 1 2 + t 1 4 ,  t 1 6  =  1 / t 1 5 ,  t 1 7  =  2 * t 1 6 * t 9 ,  t 2 0  =  s i n h ( t 4 ) ,
t 2 3  =  c o s h ( t 4 )
,  t 2 7  =  2 * t 9 * t 1 ,  t 2 8  =  s i n h ( t 1 ) ,  t 3 2  =  s i n ( t 1 ) ,  t 3 6  =  1 / t 1 ,  t 3 8  
=  - 1 / t 1 5 ,  t 4 4  =
- t 1 * t 1 2 - t 1 * t 1 4 + t 1 * t 2 3 + 2 * t 3 2 ,  t 4 5  =  t 1 ^ 2 ,  t 5 2  =  t 1 5 ^ 2 ,  t 6 0  =  s i n h
( t 6 ) ,  t 6 7  =  t 3 8
* t 3 6 * ( t 1 * t 2 0 * ( t 1 7 * t 3 + t 1 ) + 2 * t 1 6 * t 9 * t 2 3 - t 1 4 * t 1 7 - t 2 8 * t 1 6 * t 2 7 + t 1 2 *
t 1 7 + t 3 2 * t 1 6 * t 2 7 ) - \
2 * t 1 6 * t 9 * t 3 8 / t 4 5 * t 4 4 - ( 2 * t 7 * t 3 + t 6 0 * ( t 1 7 * t 5 + 2 * t 4 ) * t 5 - t 1 1 - 2 + t 3 2 * t 1 7
- t 2 8 * t 1 7 ) / t 5 2 *
t 3 6 * t 4 4

g  : =  m a j  -  2 * R / ( 1 - ( w / a l p h a ) ^ 2 )  -  2 / ( 1 - ( w / P i ) ^ 2 )
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l a m b d a  : =  s q r t ( 3 / 2 ) :
d g  : =  d i f f ( g ,  u ) :
_dg :=  subs( {a lpha=Pi / (1+theK*u) } ,  dg) :
p l o t ( t h e t a - > a b s ( e v a l f ( e v a l ( _ d g ,  [ u = e v a l f ( 2 ^ ( - 1 6 ) ) ,  w = e v a l f
( l a m b d a * P i * e x p ( I * t h e t a ) ) ] ) ) ) ,  - P i . . P i )

lpr in t (codegen[opt imize] (dg) )
t 1  =  1 + u ,  t 2  =  t 1 ^ 2 ,  t 3  =  w * t 2 ,  t 4  =  c o s h ( t 3 ) ,  t 6  =  t 1 * t 4 - u - 1 ,  
t 7  =  t a n ( w ) ,  t 1 0
=  2 - 1 / t 7 * w ,  t 1 2  =  w * t 1 ,  t 1 3  =  s i n h ( t 1 2 ) ,  t 1 6  =  1 / w ,  t 1 7  =  s i n
( w ) ,  t 1 9  =  s i n h ( t 3



(46)(46)

>  >  

>  >  

(34)(34)

(30)(30)

) ,  t 2 0  =  s i n h ( w ) ,  t 2 2  =  ( t 1 9 - t 2 0 ) * t 1 6 ,  t 2 3  =  t 1 6 * t 1 7 + t 2 - t 2 2 - 1 ,  
t 2 8  =  c o s h ( t 1 2 ) ,
t 2 9  =  c o s h ( w ) ,  t 3 1  =  t 2 3 ^ 2 ,  t 3 5  =  a l p h a ,  t 3 7  =  t 3 5 * t 1 ,  t 3 8  =  t 2 *
t 3 5 ,  t 3 9  =  c o s h
( t 3 8 ) ,  t 4 1  =  - t 3 5 * u + t 3 7 * t 3 9 - t 3 5 ,  t 4 2  =  u ^ 2 ,  t 4 3  =  2 * u ,  t 4 4  =  c o s
( t 3 5 ) ,  t 4 6  =  
c o s h ( t 3 5 ) ,  t 4 7  =  - t 2 * t 3 9 + t 4 2 + t 4 3 + t 4 4 + t 4 6 ,  t 4 8  =  1 / t 4 7 ,  t 4 9  =  2 *
t 4 8 * t 4 1 ,  t 5 2  =  
s i n h ( t 3 7 ) ,  t 5 5  =  c o s h ( t 3 7 ) ,  t 5 9  =  2 * t 4 1 * t 3 5 ,  t 6 0  =  s i n h ( t 3 5 ) ,  
t 6 4  =  s i n ( t 3 5 ) ,  
t 6 8  =  1 / t 3 5 ,  t 7 0  =  - 1 / t 4 7 ,  t 7 1  =  w ^ 2 ,  t 7 2  =  t 3 5 ^ 2 ,  t 7 3  =  1 / t 7 2 ,  
t 7 5  =  - t 7 1 * t 7 3 +
1 ,  t 7 6  =  1 / t 7 5 ,  t 8 4  =  - t 3 5 * t 4 4 - t 3 5 * t 4 6 + t 3 5 * t 5 5 + 2 * t 6 4 ,  t 9 2  =  
t 4 7 ^ 2 ,  t 1 0 1  =  s i n h (
t 3 8 ) ,  t 1 0 9  =  t 7 2 ^ 2 ,  t 1 1 3  =  t 7 5 ^ 2 ,  t 1 1 9  =  1 / t 2 3 * ( 2 * t 1 0 * t 6 + t 1 3 * w )
+ 2 * t 6 / t 3 1 * ( t 1 0 * (
t 2 2 - t 2 + 1 ) + t 2 8 - t 2 9 ) - 2 * t 7 6 * t 7 0 * t 6 8 * ( t 3 5 * t 5 2 * ( t 1 * t 4 9 + t 3 5 ) + 2 * t 4 8 *
t 4 1 * t 5 5 - t 4 6 * t 4 9 -
t 6 0 * t 4 8 * t 5 9 + t 4 4 * t 4 9 + t 6 4 * t 4 8 * t 5 9 ) + 4 * t 4 8 * t 4 1 * t 7 6 * t 7 0 * t 7 3 * t 8 4 + 2 * ( 2 *
t 3 9 * t 1 + t 1 0 1 * ( t 2
* t 4 9 + 2 * t 3 7 ) * t 2 - t 4 3 - 2 + t 6 4 * t 4 9 - t 6 0 * t 4 9 ) * t 7 6 / t 9 2 * t 6 8 * t 8 4 + 4 * t 4 9 *
t 7 1 / t 1 1 3 * t 7 0 / t 1 0 9 *
t 8 4


