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Another M2 internship

e Long-term goal: Automatic implementation of special functions

compiler

double f doubl ;
{prf(r)+'--~l—pof20 ouble fun(double x);

£(0),...,f=1 Vx € [a,b]Ndouble,
[a,b]CR fun(x) — f(x)| _ .
e>0 f(X)

o This project: Bessel functions
e Floating-point arithmetic + symbolic computation + programming

e Talk to me if interested



Exercises from last week



Exercise 1

Let T(n) be the complexity of multiplication of n x n lower triangular matrices with
entries in K. Show that one can multiply arbitrary n x n matrices in Mn(IK) using
O(T(n)) arithmetic operations in K.

Solution.
Forn=3k:
e n x n matrices can be multiplied using O(1) multiplications of blocks of size k x k

e k x k matrices can be multiplied in T(n) ops using the formula

o)t ) )

General case (n > 12): embed the n x n matrix product in a product of matrices of
size 4 [n /4], reducing to 43 products in size [n/4] <n/3.



Exercise 2

(Let 0 be a feasible exponent for matrix multiplication in IK™*™,
and P € K[x] with deg P <n.

a) Find an algorithm for the simultaneous evaluation of P at [ /1| elements of IK using
O(n®?2) operations in KK.

b) If Q is another polynomial in K[x| of degree <n, show how to compute the first n
coefficients of Po Q := P(Q(x)) using O(n(®*1/2) operations in K.

Hint: Write P(x) as Y. Pi(x) (x9)* where d is well chosen and the P; have degree <d. y

-




Exercise 2 — Solution

a)Set d=[ym]and P(x) = Po(x) 4+ Pi(x) - x4+ - +Pgq_q(x) x4d=D
:po—l—plx—i---'—i-pdz_lxd%l (with px=0 for k >n).

Then
Po - Pa-1 Ll Po(ag) -+ Po(aa-1)
Pd P2d-2 Qg ad-1 | | Pi(ao) Pi(aq-1)
P@-1)d " Paz-1 ad™t ... add Pa-1(ag) --- Pa-1(aa-1)
Algorithm:
e Compute the aland af' for 0<1i,j<d O(d?) ops
e Perform the matrix product 0(a®) ops
e Recover P(a;) from the Pi(q;) for 0<j<d O(d?) ops

Total 0(d®) = 0(n%?), vs. O(n*?) naively.

(Next lecture: O(M(n)) for n evaluation points.)



Exercice 2 — Wait: why?

Let 6 be a feasible exponent for matrix mult. in K™ ™, and P € K[x| with deg P <n.

b) If Q is another polynomial in K[x] of degree <mn, show how to compute the first n
coefficients of Po Q := P(Q(x)) using O(n(®*1/2) operations in K.

Preliminary questions:
e How fast can we compute P o Q in full (semi-naively)? O(nM(n?)
e Is there any hope of doing better? size=Q(n?)
e Why are we interested in the first n coefficients?

eg., f(x)=ap+ajx+---+0(x")

g(x) =brx+box2 4 --- 4+ O(x™) }if(g(x)):“““lxﬂL"'+O(X“)

e How fast can we compute them (semi-naively)? O(n-M(n))



Exercise 2 — Solution
b) Write P=Py+ Py x4+ --- + Pg_; x4~ ! as before, so that
PoQ = PpoQ + (P10Q) -Q%+---+ (Pa_10Q) -Q¥4~V

= (Po+p1 Q+---+p a_1Q¢Y)
+ (Pa+Pa+1Q+ - +p2a_1Q4Y Q¢
+ (pa-1ya+poQ+-- +pa—1Q471) Qala=n,

e First n coefficients in all cofactors of Q¢ simultaneously:

1 0 0 1
PooQ Po o Pa-1 [Qlo Q1 Q) =1 x
: modx ™" = : : : : : :
P+ +0 B 2 : ’ )
4-1°Q Pla-na Paz—1 Q4o [Q4 11 -+ [Q4 Y] iy x !

dxdby dx n, cost O(%de):o(n(eﬂ)ﬂ)

e Powers of Q and Q4 mod x™, final recombination: O(d M(n)) = O(n*/?) ops.



Teaser:

v2 [cs.SC] 22 Sep 2024

Fast composition (Lecture 6)

Power Series Composition in Near-Linear Time

Yasunori Kinoshita * Baitian Li f

Abstract
We present an algebraic algorithm that computes the composition of two power
series in softly linear time complexity. The previous best algorithms are Q(n!T°(1))
non-algebraic algorithm by Kedlaya and Umans (FOCS 2008) and an O(n'*3) algebraic
algorithm by Neiger, Salvy, Schost and Villard (JACM 2023).
Our algorithm builds upon the recent Graeffe iteration approach to manipulate
rational power series introduced by Bostan and Mori (SOSA 2021).

1 Introduction
Let A be a commutative ring and let f(x), g(z) be polynomials in A[z] of degrees less than

m and n, respectively. The problem of power series composition is to compute the coeffi-
cients of f(g(z)) mod ™. The terminology stems from the idea that g(z) can be seen as a



0 Rational Series
C-Finite Sequences



Formal power series

10

(Deﬁnition. The ring of formal power series in the variable x over the ring A is the se
of formal objects of the form

> ot

n=0

\equipped with the operations + and x implied by the notation.

)

Notation: f(x) = g(x) + O(x°) when the terms of order <o of f, g coincide.

Variants.

e Formal Laurent series A((x)) — Z anx™ for some Ny Z
n= NO

Note: A((x)) is a field when A is a field. Also note the difference with Laurent series in complex analysis.

e Formal Puiseux series A((x!/*)) — Z anx™?  for some d € N\ {0} and Ny e Z
n:NO

Note: A((x'/*)) is an (algebraically closed) field if A is an (algebraically closed) field.



Rational series, recurrences with constant coefficients H

Definition. A formal power (or Laurent) series over a field K is called rational when
it is the series expansion at 0 of an element of IK(x).

Example. s=1+x+2x*+3x>+5x" 4 - -

1
14+x—x

Definition. A sequence (uy) € KN is called C-finite when it satifies a linear recurrence
VneN, 1 upgs+Cs—1Unys—1+---+CouUn=0 with c¢; € K.

(Equivalently: for n > some N.) s = order of the recurrence

Example. Fr o =Fni1+Fn

Cl" heorem. A power series is rational if and only if its coefficient sequence is C-finite. >




By any other name...

Linear Feedback Shift Registers (LFSR)
Circuits, cryptography...

==
Feedback Output

o[1[2[o]1]o]o[o]1]1a[+]ofo]:[a]
L/

Matt Crypto, Wikimedia Commons, public domain

Un+16 =Un+5+ Un+3+ Unt2 + Uy (OVer Fy)

12

Infinite Impulse Response (IIR) filters

Signal processing, control

rln) —» 0,5 i)

S

W= 1]

Przemekbary, Wikimedia Commons, cc-by-4.0-intl
Yn =0.5Yn_1+xn (over R)
inhomogeneous



The characteristic polynomial of a recurrence 2

UntstCs—1Ungs—1+--+Coun=0 (Rec)

Definition. The characteristic polynomial of the recurrence (Rec) is the polynomial

XX)=X54+cs 1 X574+ cp.

o0
e Generating series: E Unxt=

n=0

p(x)
14+cs—1 X+ ---+coXs

for some p € K|x]

(14+cs 1 X4 ---+coX®is called the reciprocal polynomial of x.)

e Closed form solution: u, = z Pua(n) a* where p o € KN -pue( o, x)-
x(e)=0



Algorithms

14

Proposition.
1. One can compute the first N terms of a rational series in O(N) operations.

2. One can compute the nth term of a rational series in O(logn) operations.

Proof. Compute the associated recurrence and the first s terms by any means. Then
1.Setus:= —(Cs—1Us—1+ -+ +coup), thenugii:=—(cs—1us +---+cou), etc.

2. Write the recurrence in matrix form:

Un 41 1 Un
un+2 un+1
. - 1 .
un+s —Cp —Cp -+ —Cs—1 un+s—1
A

Compute A"~ ¢ by binary powering. Apply it to (uo, ..., us—1)".

g

Faster algorithms for large s in Lecture 6.



An exercise for next time

Let f(x) = (1 +x+x?)" € Z[x].

Give an algorithm that computes the parity of all coefficients of f
in O(M(n)) bit operations.

15



1 Differentially Finite Series
P-Finite Sequences



Definition v

K — effective field of characteristic zero

Definition. A power series f € K[[x]] is differentially finite when the vector space
span () (f, f', f,...) CK((x))

generated by its iterated derivatives has finite dimension over K(x).

In other words: f satisfies a linear homogeneous differential equation
ar(x) FOx) + -+ ai(x) F(x) + ao(x) f(x) =0 (ar#0)

with coefficients in K[x].

Differentially finite series are also called D-finite or holonomic.



Algorithms and Computation in Mathematics 30

Implementations

e Maple: gfun, Mgfun D_ FI n Ite
e Mathematica: HolonomicFunctions, Fu n Cti O n S

Guess, ...

e SageMath: ore_algebra

@ Springer



Remark: Series vs. functions 19

(Deﬁnition. For U C C, a meromorphic function f: U — C is called differentially finite\

when the vector space
spang(x)(f, f', 7,...)

\generated by its iterated derivatives has finite dimension over C(x). )

(Theorem (“Cauchy’s theorem”). Suppose a(0) # 0 in the equation )

ar(x) fI(x) + - - + a1 (x) f(x) + ap(x) f(x) =0, ap, ..., ar€ Clx|. (DiffEq)

Then there exists a neighborhood U C C of 0 such that, for any (vo,...,vr_1) €C™Y,
\(Difqu) has a unique analytic solution with f)(0) =v; fori=0,...,1— 1. )

(Proposition. A function that is analytic at 0 is D-finite if and only if its series expansior)
is D-finite.




Which of these series (functions) are D-finite?

o f(x)=exp(x)=1+x+2x>+6x3+--- f'—f=0
o f(x)=x2+5x3 4 x!? £13) _
Y e TR SVE S U S fiog_ 1
o f(x)=vI+x=1+5x—gx*+x"+ oo~ 21 %)
. f(x):tan(x):1+%x3+--- poles
o f(x):arctan(x)zl—%x?’—l—-‘- 1+x)f'(x)=1
o f(x)= Z k! xk x2f"(x) + (3x — 1) f'(x) +f(x) =0... but see next slides
k=0
. f(x)zz 2K xk next slides
k=0
- 2
. f(x):sm(’g)JreXp(X) =1+3x+2x2+1x3+ later

X741

20



P-finite sequences -

Definition. A sequence (un)nen is called P-finite (or P-recursive, or holonomic) if it
satisfies a linear homogeneous recurrence relation

bs(n) Unts+ -+ +bi(n) Unt1+bo(n)un=0, bs#0, (Rec)

with coefficients in K[n].

Equivalently: when (Rec) holds for sufficiently large n € N.

Also, informally: when its shifts (Un)nen, (Un+1)neN, (Un+2)neN, - . . generate a finite-dimensional vector
space over IK(n). (But some care is needed to make sense of this definition!)

Examples. n! Mm+D)=mn+1)n!
1
Cn:n_-‘rl(QTIL> (n+2) Cn+1:(4n+2) CTL
1 ~ ~ 1++/5
="z (e™=0%,  ¢,6= 2\[ Fapo=Fn+Fnpa



Differential equations and recurrences -

Cl" heorem. A power series is D-finite if and only if its coefficient sequence is P-finite. >

(=). Suppose Z ai(x) fY(x) = 0. Substitute a;(x Z ai ;X and f(x Z frx™

d [e%S)
SOY i =) (V=) g feex Y =0,

[e%s} T d
> ( Z(“I“—i)(“”ri—i—l)'-~(n’—i)ai,jfnf+i-i)><“':0. 0
i



(«<). Suppose Z bi(

i=0

Nn) Un+i=0 for all n € N. Extend (u,) by setting un,—¢ for n <0.
e By multiplying the relation with n (n+1)

(n+s—1), we can assume wlog
Yn e 7%, Z bi(

n)Uni=
e For any double-sided formal series f(x

(RecZ)
Z fnx™ one has

nez
_lf Z e x™,

x f'(x) = Z nfax™
nez nez
o Letting {%((]:c))]]((i))::?f(i))) we get from (RecZ) that

S

bi(XoD)o X f)=0 where f(x
i=0

E U x™

O
nez



Differential equations and recurrences: remarks 2

Cl" heorem. A power series is D-finite if and only if its coefficient sequence is P-finite. >

e The proof gives a conversion algorithm.

order <d+r
degree <.

order <r

—  recurrence of
degree <d

e Differential equation of

double-sided series ), unz"

e Also holds for {
sequences (ln)nez.

(Corollary. One can compute the first N terms of a D-finite series in O(N) ops. >

Lecture 14: nth term — but not in O(logn)!



Equality tests

25

(Proposition. Assume that (1,,) € KN and (vy,) € K™ both satisfy

bs(M) Ynts+ -+ +b1(M) Yynt1+bo(m) yn=0 (bs#0)

(md Un =Vn for n <+ s where { = max (0, largest integer root of bs). Then u=v.

(Corollary. If f, g € K[[x]] satisfy the same differential equation

()Y x) 4+ a(x)y'(x) +a(x)y(x) =0 (a;eK[x])

\one can testif f=g.

{(Rec),up, ..., upss} =finite data structure for representing (it

{(DiffEq), £(0),f/(0),...,f+9)(0)} = finite data structure for representing f



Inequalities 2

POSITIVITY CERTIFICATES FOR LINEAR RECURRENCES

ALAA IBRAHIM AND BRUNO SALVY

AsTrRACT. We show that for solutions of linear recurrences with polynomial
coefficients of Poincaré type and with a unique simple dominant eigenvalue,
positivity reduces to deciding the genericity of initial conditions in a precisely
defined way. We give an algorithm that produces a certificate of positivity
that is a data-structure for a proof by induction. This induction works by
showing that an explicitly computed cone is contracted by the iteration of the
recurrence.

1. INTRODUCTION
A sequence (up)nen of real numbers is called P-finite if it satisfies a linear re-
currence
(1) pa(N)tnta = pa—1(nN)tunta—1 + -+ + po(n)ty, neN,
with coefficients p; € R[n] (*). When the coefficients p; are constants in R, the

/1 [¢s.SC] 9 Jun 2023



2 D-finite closure properties



Common equations, closure by sum

28

Proposition. If f, g € K[[x]] are D-finite, one can find a differential equation
a:() Yy () + -+ () Uy (x) + a(x)y(x) =0 (a;€ K[x])
satisfied by both f and g.

(Corollary 1. One can test the equality of D-finite sequences.

CCorollary 2. If f, g € K[[x]] are D-finite, then f + g is D-finite.

Similarly,
e One can find a common recurrence satisfied by two given P-finite sequences,

e The sum of two P-finite sequences is P-finite.



Closure by sum: direct proof 20

(Corollary. If f, g € K[[x]] are D-finite, then f + g is D-finite. )

Proof. Write V, = spanK(X)((p(i))ieN.
Since (f +g)’=f'+ g/, one has
Vi g C Vet Vg,
hence
dim (Vs g) <dim(Vy) 4+ dim(Vyg) < oo. O

Showing that something is D-finite / P-finite / (other analogous properties...)

& Imprisoning its derivatives / shifts / (...) in finite dimension




Closure by sum: algorithm %

ar(x) FO(x) + -+ + a1(x) f/(x) + ao(x) f(x) =0,
Suppose {bs<x> 91 (x) + -+ +b1(x) ¢/(x) + bo(x) g(x) = 0.
We are looking for an equation c¢(x) yY(x) + - + co(x) y(x) = 0 satisfied by both f and g.

Using the equations, we can rewrite any pair (f(i), g(i)) on a finite basis (f,0), (f',0),...,

(0,9),(0,g’),.... Doing so, we set up a linear system:
(fg) . (fV,9)
(f,0) 1 OO 0O Co
: 1 O og
(=1 o) 1 000 =0
0o |1 DOOO
0,1 10000 Ct
As soon as t + 1>+ s, this system has a nonzero solution (cy, .. ., ct) € K(x) ™.

Remark. f + g satisfies a differential equation of order <r+s



31

Closure by product

Proposition.
e If f, g € K[[x]] are D-finite, then f g is D-finite.

e If u,v e KN are P-recursive, then uv is P-finite.

Corollary: If f, g € IK[[x]] are D-finite, their Hadamard product f ® g = Z frgnx™too.

n=0
: (r—1)
Proof. Again by linear algebra: if Vi ' generated by f, .., f (s-1)
Vyis generated by g, ..., g ,
then Vk €N, (f g>(k) € Span]K(X)(f(i) g(j))()gig‘r—l' O
0<j<s—1

Remark. f g satisfies a differential equation of order <rs.

Exercise. Give a better order bound in the case of . (Answer: T (r+1)/2.)



Algebraic series -

Definition. A series f € IK[[x]] is called algebraic if there exists P € K[x, y]\ {0} such that
P(x, f(x)) =0.

Examples.
e rational series, 3/T+ x

e generating series of non-ambiguous context-free languages are algebraic

Cl" heorem. Algebraic series are D-finite. [Abel 1827, Cockle 1860, Harley 186ZD

More generally:
If f € K[[x]] is D-finite and g € x KK[x] is algebraic, then f o g is D-finite. (similar proof)



Algebraic series are D-finite: proof 33

Wilog, suppose P(x, f(x)) =0 with P € K(x)[y] irreducible of degree d.

We have %(P(x,f(x))) = Py(x, f(x)) +Py(x, f(x)) f'(x).
_:6____/ _\/—"#0
, B _Px(x,f(x))
Hence f'(x) = —Py(x,f(x))
= —Q(x,f(x)) Px(x,f(x)) where Q:PimodP
y
= R(x,f(x)) ReK(x)y].
Then f(x) = Ru(x,f(x)) 4+ Ry(x, f(x)) f'(x)
= poly(x,f(x)), and so on by induction.

Since P(x,y(x)) =0 any poly(x, f(x)) belongs to spany {1, f, 2 ..., 471}
So dimIK(X)(f, /7. ) <d.



Hypergeometric sequences and series >

(Deﬁnition. A

e Asequence (un)nenis hypergeometric if it satisfies a first-order recurrence relation
with polynomial coefficients.

In other words: if % € K(n) [coincides with a rat. function for large enough n].
n
e A generalized hypergeometric series is a power series whose coefficient sequence
is hypergeometric. Notation:

F az,...,0ap
pd b]_,...,bq
.

o (1—x)*=1Fo(—a;;x), In(14+x) =x2F(1,1;2; —x), Lia(x) =x3F2(1, 1, 1; 2, 2; x), etc.

Hi(n+ai) u
(M+DI;(n+b;) ™

u():l.

J

o0
x>:§ unx™ where uni1=
n=0

e Many identities, e.g., 2F1(2 a, 2 b; a—l—b—i—%; x) =2F1(a, b; a—l—b—i—%; 4x (1—x)) (Kummer)



Classes of power series

N

hypergeom:

D-finite

35



Summary

36

Theorem.
e D-finite series form an effective subring of (K[[x]], +, x).

e P-finite sequences form an effective subring of (K, +, x).

This means that we can prove identities involving

e series like exp(x), In(1 +x), /1 +x, qu< ;11,...,819
1,---,0q

x> (and many more),

e sequences like Fibonacci’s, Catalan’s (and many more)

by computing in these rings.



3 Proof of identities



Automatic proof of identities

38

(Problem. Prove that sin(x)? + cos(x)? = 1.

Solution 1. Write s(x) =sin(x). We have s” 4+ s =0.

82

s’

2's
= [2ss"] —2( )2+2ss"=2 (s')?
[2(s/)?—2s?]'=4s's" —4ss'=—8s5’

X
X
2" +42'=0

Same for s(x) = cos(x). Hence y(x) = sin(x)? + cos(x)? satisfies y"’ + 4y’ = 0.

Now f(x) =1 satisfies the same equation.

The initial conditions y(0)=1, y’(0)=0,

Since the leading coefficient does not vanish, this implies y = f.



39

Lazy proof of identities

Solution 2. Without even computing the equations, we know that
o any (s%)M belongs to span ¢, {s?,s s/, (s")2},
so sin(x)? must satisfy an ODE of order < 3, with constant coefficients ,
e cos(x)? must satisfy the same equation,
e sin(x)?+ cos(x)? — 1 must satisfy an ODE of order < 4.
Since this equation has constant coefficients, in particular, it is nonsingular.

So it is enough to check that sin(x)? + cos(x)? — 1= O(x*).



Remark: Minimal annihilators %0

We found an equation of non-minimal order!

Definition. The minimal annihilator of a D-finite function f is the equation
fO(x) + -+ 4+ ay(x) f'(x) + ag(x) f(x) =0, a; € K(x)

of minimal order with leading coefficient =1.

MATHEMATICS OF COMPUTATION

Volume 93, Number 347, May 2024, Pages 1427-1472
https://doi.org/10.1090/mcon/3912

Article electronically published on October 23, 2023

MINIMIZATION OF DIFFERENTIAL EQUATIONS AND
ALGEBRAIC VALUES OF E-FUNCTIONS

ALIN BOSTAN, TANGUY RIVOAL, AND BRUNO SALVY

ABSTRACT. A power series being given as the solution of a linear differential
equation with appropriate initial conditions, minimization consists in finding
a non-trivial linear differential equation of minimal order having this power
series as a solution. This problem exists in both homogeneous and inhomo-
geneous variants; it is distinct from, but related to, the classical problem of
factorization of differential operators. Recently, minimization has found ap-



Proof of identities: another example “

Fn+2:Fn+Fn+1, FOZO, F1:1» un:Fn+2Fn_F121+1
Any homog. poly. of degree 2 in Fyy, F1,4 1, ... belongs to spanQ(F%, FrnFnti, F%LH).
We know that the sequences (un), ..., (Un43) must satisfy a linear relation over Q.

Un = Fn+2Fn _F121+1
= Fa+FnFnpi—Fasg

Unt1 = Fayi+ FnpiFnge — FAy,
= F%L—i-l +Fnp1 (Fn+ Fn+1) - (Fn+ Fn—|—1)2
= —FA—FaFni+Fag

It turns out that up 1 =—un.

Since up=F2+ FoF; — F = —1, we conclude that w,, = (—1)™*1! for all n.



An exercise for next week 2

Prove the following identity of formal power series:

o0
arcsin(x)? = Z T
k=0

k! X2k+2

T .
(k+5) 2k+2

v
| w

For this:
1. Check that y(x) = arcsin(x) is solution to (1 —x?) y”(x) =xy'(x).
2. Deduce a linear differential equation satified by z(x) =y(x)2.

3. Deduce a linear recurrence relation satisfied by the coefficients of the series.
4. Conclude.



4 Guessing



A riddle “

What is the next term in this sequence?

1,1,2,4,9,21,51,127, 323, 835, 2188, 5798, 15511, 41835, 113634, 310572, 853467, . . .

Is it generated by a “small” differential equation / recurrence?

sage: from ore_algebra import OreAlgebra, guess

sage: guess([1, 1, 2, 4, 9, 21, 51, 127, 323, 835, 2188, 5798,
ceet 15511, 41835, 113634, 310572, 853467],

Caaat OreAlgebra(PolynomialRing(zz, 'n'), 'Sn'))

(-n - 4)*SnA2 + (2*n + 5)*Sn + 3*n + 3

..., 2356779, 6536382, 18199284, 50852019, 142547559, 400763223, 1129760415, . ..

(Motzkin numbers)



Guessing linear equations: principle *

1,1,2,4,9,21,51,127,323, 835, 2188, 5798, 15511, 41835, 113634, 310572, 853467, . . .
Ansatz:
(b2 1M +bag)uni2+ (b11n+b10) uni1+ (boain+bgo)un=0

Solution by linear algebra:

n=0 101020 boo
n=1 11224 4 bO,l
n=2 24 489 18 b10

. =0
n=3 * % ok Kk k% b
n=4 X ok ok k% % boyo
n=>5 k& ok k% ba 1

e #equations > #variables = generically no solution
e Repeat for various (order, degree) compatible with available #terms

e Naive complexity: (#terms)®



Hermite-Padé approximation 0

(Hermite-Padé approximation problem. )
PP p
Given k power series fy, ..., fr e K[[x]],
k degree bounds dy, ..., dy,
an approximation order o,
find polynomials py, ..., px € K[x] such that deg pi < d; and
L P106) i) -+ pilx) i) = O, )
When o is chosen “just right” (o0 =d; + - - - + dix — 1), the tuple (p1,...,px) is called a
Hermite-Padé approximant of type (d; — 1,...,dx—1) of f.
Naive algorithm: O(c®) ops Fast algorithm: O(k® M (o) log o), lecture 9

[Beckermann-Labahn 1994]



Guessing using Hermite-Padé approximation *

e To guess a differential equation for the generating series ), fix},
compute Hermite-Padé approximants (ay, ..., a,) of (f, ', ..., ") for various (v, d)

e To guess an algebraic equation for Y. fix!,
compute Hermite-Padé approximants of (1, f,f?,..., f¥)

e To guess a recurrence for (fi);, proceed as above and convert
e Extensively used in enumerative combinatorics (Lecture 16)

Remark. Order and degree bounds make guessing into a rigorous algorithm.

For instance, given a bound on its degree, one can compute the minimal annihilator of
a D-finite series using Hermite-Padé approximation.



5 Bonus



Differential operators as skew polynomials *

Algebraic framework for working with differential operators f— (x+— 3. ai(x) fW(x))

(Deﬁnition. h
. u ) i TE N,
K(x)(D) = {Zo ai(x) D ‘ aic ]K(X)}
1=
with the usual addition of polynomials,
multiplication defined by D - x =x- D + 1 and linearity.
\ Alt: A/(A(Dx— 1) A) where A =ring of noncommutative polynomials in D over K(x) )

Exercise.
e Compute D (xD —1)

e Interpret in terms of the solutions of y’=0and xy’'=y



Skew Euclidean structure >0

¢ Euclidean right division:

L=QP+R with order(R) < order(P)

Greatest common right divisor:

Li=Q:1G .
with G of max order
{ L=0Q2G
e Least common left multiple: («» closure by sum!)
P y

UL =UsLs=M of min order
e Non-commutative Euclidean algorithm

Annihilating (left) ideal:

Ann(f) ={L| L(f) =0}
=GK(x)(D) where G=minimal annihilator of f



Recurrence operators as skew polynomials

51

(Deﬁnition.

1K<n><s>={z bi(n) St ‘ ;feﬂ}((n)}
i=0

with the usual addition of polynomials,
\ multiplication defined by S-n=(n+1) - S and linearity.

e Also a skew Euclidean ring

e Diff. eq. < rec. correspondance:

Kx,x (D) =~ KMmn](S,S™1h by{XHSl

D—(n+1)S.



Several variables >

e The idea of D-/P-finiteness generalizes to functions of several variables:

Y (LY. et

¢ Diff. equations / recurrences are replaced by suitable systems (finitely many ini. cond.):
_(m M+1-K)untixk=M+1)unx
Un,k—<k> %} { (k—i— 1) un‘k_H:(TL—k) Un k
e Equations can mix derivatives and shifts (and other kinds of operator):
2 (Bessel functions)

Jn(x) =0

X Jn(%) + X Jng1(x) = Jn(x) =
{ X Jnp2(x) =2 (M +1) Jng1(x) +

e The closure properties extend (= proofs of identities)

(algorithms based on noncommutative Grobner bases)



Creative telescoping 53

New closure property: by definite summation / integration (under assumptions)
n M+1-kK)unr1k—(M+1)uyk=0
u ] ¢ } y »
™k (k) { (k—i— 1)un‘k+1—(n—k)un‘k:0
=
Vnzz Un k — Vn+1_2\)n:0
Kk

Leads to automatic proofs of many more identities:

S (S (1) (3 )2meame ()

j=0

/+Oox e P T (bx) In(cx) dx = L exp< ¢’ b’ > ]n<E>
0

2p 4p p

[Zeilberger 1990, Chyzak 2000, ...]
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